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Abstrat
This thesis is onerned with the mehanial behavior and onstitutive modeling of amor-
phous polymers. Amorphous polymers are employed in numerous appliations that over
eletronis, optial instruments, the automotive industry as well as onsumer produts.
This broad range of appliations is due to their good optial properties, high hemial
resistane, high exibility, good reforming properties, low weight relative to strength and
their high energy absorption under impat loadings. Due to the numerous engineering
appliations, the aurate modeling of mehanial behavior is of major importane.
Amorphous polymers are haraterized by a disordered mirostruture whih is formed
of long polymer hains. In onstitutive models for amorphous polymers, the mirostruture
is usually represented by an overall hain network whih onsists of an assembly of individ-
ual hains arranged in unit ells. The transition from mirostruture to marosopi level
is performed via a homogenization whih allows the miro-strethes to utuate around
the maro-strethes. The present state of modeling amorphous glassy polymers is revealed
through reviewing several models that an be onsidered as pioneering works in this eld
of researh. To evaluate the models, several numerial examples are presented.
A omparison of the state-of-the-art model responses and the experimental data reveals
that the models are not able to apture the transient eets after loading rate hanges and
long-term behavior involving reovery, whih is highly overestimated by the models. To
ompensate for the shortomings of the models, this thesis proposes an extension for the
eight-hain version of the Boye et al. (1988) model (BPA model) and it will be termed
the EBPA model. The isotropi part of intrinsi hardening in the material is rheologially
desribed by a dashpot whih is arranged in parallel with a nonlinear Langeving spring for
modeling kinemati hardening. The two omponents for the isotropi and the kinemati
hardening are modeled by the internal state variables. The purpose of the extra dashpot
is to inrease the isotropi hardening in relation to the kinemati hardening and thereby
suppress a premature Bauhinger eet observed in the simulations. This is of major
importane during relaxation simulations at low stress levels where the plasti evolution
is partiularly governed by the internal state variables under onsideration. Moreover, the
elasti spring in the original BPA model is replaed by a simple Kelvin-hain involving a
Kelvin-like element in series with an elasti spring. The Kelvin element is employed for
prediting reep and reovery, while its ombination with the elasti spring is aimed at
desribing the stress relaxation.
In addition to homogenous deformation, the EBPA model is alibrated to experimental
data for inhomogeneous deformation. The tests were performed in the Laboratory of
the Department of Materials Siene (DMS) in Tampere university of Tehnology (TUT).
The data aquired from the old drawing of the dumbbell-shaped polyarbonate speimen
ontains the load-displaement diagrams for monotoni as well as non-monotoni loadings
involving several loading yles and long-term reovery.
i
Based on the alibration of the EBPA model both for the homogeneous and inhomoge-
neous deformation, the old drawing proess is simulated using the nite element method.
The model responses obtained from the simulations show that the parameters whih were
derived from alibration for homogeneous deformation annot be used to predit experi-
mental response of inhomogeneous deformation. In order to nd the mehanisms that are
able to explain this disrepany, the role of strain loalization in the hain density, the ini-
tiation and propagation of shear bands and razes as well as in the nuleation and growth
of voids is investigated. The nite element simulations for inhomogeneous deformation
indiated only a small inuene of the number of entanglements and hain density on the
marosopi stress response when they were modeled without taking volume hanges into
onsideration. However, a redution in hain density together with void growth and raz-
ing led to more diuse and stable nek. The present numerial results also indiated that
the plasti stability is essentially ontrolled by razing, whereas void growth in onjuntion
with an inreased interation between the voids redues amount of intrinsi softening during
loalized deformation. As a result, the dierene between the model alibrations governing
intrinsi softening under homogeneous and inhomogeneous deformation dereased onsid-
erably. The EBPA model augmented by the models for void growth and razing allows the
simulation of inhomogeneous deformation by utilizing the material parameters obtained
from simple uniaxial tests for homogeneous deformation.
Using the alibrated parameters, the preditive apability of the EBPA model both for
homogeneous and inhomogeneous deformation is evaluated. Despite the relative simpliity
of this model, a omparison with the experimental results shows that the model is well able
to apture the nonlinear response of amorphous glassy polymers during monotoni loading,
unloading, reep and reovery. The proposed model is also found to be preditive for
isothermal responses at various strain rates as well as for large strain anisotropi responses
of preoriented polymers.
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11 Introdution
1.1 Sope of the study
The rst objetive of this thesis is to present the urrent state of modeling amorphous
polymers and evaluate the importane of dierent rheologial properties employed in the
models for regarding mehanial behavior of amorphous polymers under dierent stress
states, strain rates, temperatures and anisotropi state of preoriented polymers. The re-
searh related to this topi was arried out during 2008-11 at the Department of Solid
Mehanis in Lund University, Sweden. The hapters 2-5 are onerned with the rst ob-
jetive being a part of the lientiate dissertation whih was aomplished in Lund at the end
of 2011, f. Holopainen (2011). The researh was ontinued and nished at the Department
of Mehanis and Design in Tampere University of Tehnology during 2011-2012.
Motivated by the shortomings observed in the urrent models, the seond objetive
is the development of a state-of-the-art model (termed the EBPA model) whih is able
to predit transient eets, i.e nonlinear loading-unloading response, reep and reovery
for dierent strain levels, stress levels and for various dwell periods. The EBPA model
inluding both visoelasti and visoplasti ingredients is based on the 8-hain version
of the Boye et al. (1988) onstitutive model for amorphous polymers. The aim of the
proposed model is to signiantly improve the predition of the mehanial response during
omplex loading situations ompared to existing models in this eld. The proposed model
is implemented in a nite-element program for simulation of inhomogeneous deformation.
The third objetive of this thesis is evaluation of the proposed EBPA model on the ba-
sis of the alibration to the experimental data both for homogeneous and inhomogeneous
deformation modes. Various loading situations are experimented involving old drawing
test program whih was onduted by using the Instron
©
tension/ompression eletrome-
hanial testing mahine in the Laboratory of DMS. Comparison of the model and the
experimental responses showed that the parameters whih were obtained from alibration
to homogeneous deformation annot be used to predit satisfatorily the experimental re-
sponse of inhomogeneous deformation. As the fourth objetive, role of strain loalization
into this disrepany is investigated and its importane into initiation and propagation of
shear bands and razes as well as into the number of entanglements is addressed. In order
to investigate nuleation and growth of voids as well as shear band propagation within the
ligaments between the voids, the Gurson model is augmented for these purposes and it in
onjuntion with the EBPA model is implemented in a nite-element program. Inuene
of the model parameters on the marosopi responses as well as on the deformation be-
havior is disussed in detail. Using the alibrated parameters, the preditive apability of
the EBPA model under various loading onditions is evaluated.
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1.2 Charaterization of polymers
The word polymer refers to a long-hain moleule whih onsists of a large number of
repeated units of idential struture alled monomers. Moreover, the term polymer is fre-
quently used to desribe the whole material ontinuum. Polymers an be found in nature,
alled natural polymers, while others are produed synthetially in a proess whih is alled
polymerization, f. Fig. 1.1. In this work, the interest is plaed on syntheti, dutile amor-
phous polymers whih exludes e.g. brittle amorphous polymers and omposite polymers.
Even though amorphous polymers are able to resemble dierent states involving solid, liq-
uid and even gas, only their glassy and melt states are onsidered in the present study.
For further reading, the textbooks by Haward and Young (1997), Perez (1998), Courtney
(1999), Ward and Sweeney (2004) and Fried (2009) give omprehensive overviews of poly-
mer siene, overing the material harateristis and mehanial behavior of amorphous
polymers.
Syntheti polymers are typially formed by hundreds or thousands of idential repeated
units having a high moleular weight. Polymer moleules onstituting of fewer than ten
repeated units and thus a low moleular weight are termed oligomers. Polymers having
only a single type of repeated unit are termed homopolymers, while polymers omprised of
dierent repeated units are termed opolymers. Eah repeated unit onsists of a bakbone
and a moleule whih is often built up of arbon, hloride, hydrogen or nitrogen, f. Fig.
1.2. The bakbone of a repeated unit enables substituent to be attahed to the polymer.
The onnetions within the bakbone are relatively weak seondary bonds termed the van
der Waals fores. The moleules are onneted together via the end units with hemial
bonds in a ertain order and at a rotation angle that denes the geometri struture termed
the onformation. Syntheti polymers an be lassied in several ways. Here, the proess-
Solids Liquids Gases
Molecular materials
e.g. polymers
Synthetic polymers
Natural polymers:
proteins, cellulose etc.
Crystalline polymers:
PE, PP, PVA, nylons etc.
Amorphous polymers:
PC, PMMA, PS etc.
Plastics
Ceramics Metals and Alloys
Figure 1.1: Classiation of materials.
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Figure 1.2: Polymerization of bisphenol A polyarbonate (BPA-PC). The repeated units of BPA-
PC onsist of a moleule and a bakbone. The full moleule onsists of a large number n of
repeated units onneted together by end units, f. Fried (2009).
ing harateristis and the polymerization mehanism will be onsidered. Based on their
proessing harateristis, polymers an be divided into thermoplastis and thermosets, f.
Fried (2009). Thermoplastis an be reformed by a heat-softening proess, whereas ther-
mosets, one formed, annot be thermally proessed. Sine amorphous polymers belong to
the set of thermoplastis, thermosets are not onsidered in this work.
Based on the polymerization mehanism, polymers an be lassied as addition or on-
densation polymers. This lassiation, however, is a bit old-fashioned and more reently
polymerization mehanisms are lassied as either step-growth or hain-growth. Most of
the addition polymers are formed through hain-growth, i.e. a high-moleular-weight poly-
mer is formed early during the polymerization, whih results in the sequential addition of
monomers. An example of hain-growth polymers is polymethyl metharylate (PMMA).
In ontrast to addition polymers, a majority of ondensation polymers are produed via
step-growth, i.e. a high-moleular-weight polymer is only formed near the end of the poly-
merization proess. An important example of step-growth polymerization is polyarbonate
(PC) whih is proessed from bisphenol A and phosgene in the presene of an aid atalyst
suh as hydrogen hloride, f. Fig. 1.2. As a result of the polymerization, two moleules
of hydrogen hloride HCl are formed for eah repeated unit of PC, generating long poly-
mer hains. In this ase, the bakbone onsists of hydrogen and arbon atoms. However,
the bakbone an be exible, i.e. it an obtain dierent onformations depending on the
polymerization proess. Note, that in literature bisphenol A is often simply alled PC.
1.3 Desription of the hain network
The mirostruture of polymers is dened by a network of moleular hains. The hains
an be arranged in dierent ways and the struture of the hains have dierent forms:
long linear, branhed and ross-linked, f. Fig. 1.3. If single hains are solely oiled
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to eah other without branhing, the hains are alled linear whereas in the branhed
struture, substituent side hains are onneted to long linear or main hains. Due to
the side branhes, the distane between the main hains inreases whih results in a lower
hain density, i.e. the branhed struture may be weaker than the linear hain struture.
In a ross-linked struture, the hains are onneted by strong hemial bonds whih do
not allow signiant slipping between the hains. Based on the mirostruture, polymers
Figure 1.3: Chain struture of polymers: linear hain, branhed hain and ross-linked network.
The moleules are onneted through hemial bonds.
an be lassied into amorphous or non-rystalline, and rystalline polymers. This split is
based on the degree of rystallinity whih is due to the hain length and hain branhing.
Crystallinity an be expressed in terms of a weight fration or as a volume fration of the
rystalline regions, typially ranging from 10% to 80%, f. Fried (2009). Methods used to
evaluate the degree of rystallinity are e.g. dierential sanning alorimetry (DSC) and X-
ray diration (XRD). Polymers having a low degree of rystallinity are alled amorphous,
whereas other polymers are termed rystalline or semi-rystalline. In ontrast to rystalline
polymers where the hains are branhed or ross-linked, the hains of amorphous polymers
have a linear struture, f. Fig. 1.4. PC is an important example of amorphous polymers,
having numerous appliations ranging from soda bottles to appliations in the automotive
and aerospae industries. Another important amorphous polymer is PMMA. Due to its
transpareny, it is also termed aryli glass. Compared to PC, PMMA is brittle and
does not ontain the environmentally harmful bisphenol A. An example of semi-rystalline
polymers is polyethylene (PE) whih is the most widely produed thermoplasti polymer.
Sine PE is a heap and tough polymer, it is frequently used in pakaging produts.
The degree of rystallinity in a polymer is not xed but varies between solid and melt.
The temperature at whih a polymer transforms from a solid to a melt is alled the glass
transition temperature, Tg. The glass transition ours gradually whih results in the glass
transition temperature not being unique, but is instead dened as an average temperature.
The glass transition temperature an be dened based on the energy release during heating
in dierential sanning alorimetry (DSC), f. Fig. 1.5.
In general, the glass transition temperature of polymers with a exible bakbone and
high moleular weight is relatively low ompared to polymers with a rigid bakbone and
low weight, i.e. there exists a wide range of glass transition temperatures. For example, the
glass transition temperature of PC is 150◦C, whereas for high density atati polypropy-
lene (PP) room temperature represents a relative high temperature ompared to its glass
transition temperature, −20◦C.
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Figure 1.4: Mirostruture of a) amorphous and b) semi-rystalline polymers. In the amorphous
region, polymer hains are intertwined in a network of entangled hains (entanglements). The
markers • indiate the statistial links in the hain between entangled points, ⊙.
Frequently, the terms amorphous and glassy are used synonymously. However, the
term glassy should be onsidered as a speial ase of amorphous being rmly onneted
to the transformation from a solid into a melt upon heating through the glass transi-
tion temperature. Following this denition, ertain gels, thin lms and nanostrutured
polymers an be lassied as amorphous polymers but not neessarily as glassy polymers.
Furthermore, no polymer is ompletely rystalline and therefore rystalline polymers may
also exhibit a glass transition temperature. In this work, the term amorphous glassy poly-
mer denotes polymers whih are both amorphous and glassy.
Temperature
H
e
a
t

a
p
a

i
t
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•
Tg
Figure 1.5: Determination of the glass transition
temperature Tg based on the energy release dur-
ing heating in dierential sanning alorimetry.
The hains in rystalline polymers are
onneted ompatly together in ordered
regions, f. Fig. 1.4(b). The onne-
tions between the hains are formed by se-
ondary, rystalline bonds. In ontrast to
rystalline polymers, the hains in amor-
phous polymers are oiled and randomly
oriented and onneted to eah other by
relatively weak seondary bonds alled van
der Waals fores. In addition to the van der
Waals fores, the long polymer hains in an
amorphous hain network are onneted via
physial entanglements in entangled points.
The part of a hain between entanglements
is alled a hain segment, f. Fig. 1.6. The seondary bonds are losely related to the
physial entanglements; an inreasing grade of entanglements ativates more bonds and in-
reases the van der Waals fores whih results in the resistane to slipping between hains
inreases. Due to the dierent level of rystallinity, hain density et., the ability to form
entanglements varies between polymers. Entanglements are also of major importane in
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relation to mehanial properties suh as stress relaxation and reep; an issue of that will
be disussed in subsequent setions.
During initial deformation the hains slip against eah other and under large strains
they align with the loading diretion whih results in an anisotropi response. After initial
yielding, the threshold for signiant slipping between the hains is reahed and the mate-
rial response suddenly softens. One a majority of the hains have aligned with the loading
diretion, a signiant inrease in stiness an be observed. A representative marosopi
stress-strain response is shown in Fig. 2.1. In ontrast to the glassy state, the mobility of
individual hains above the glass transition temperature strongly inreases whih results
in the material softening towards a melt.
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Figure 1.6: Mirostruture of amorphous polymers represented in a) undeformed and b) deformed
onguration. Mirostruture of rubbery polymers in ) undeformed and d) deformed ongura-
tion. Chains in rubbery polymers are ross-linked whereas the network of amorphous polymers
is formed by hain segments of initial length r0 and urrent end-to-end distane r between en-
tanglements. The thin hains in ) and d) indiate non-equilibrium networks extending between
entanglements with an equilibrium network, f. Bergström and Boye (1998).
Comparison of rubbery polymers and amorphous glassy polymers
Elastomers, also termed rubbery or rubber-like polymers, share many harateristis with
amorphous glassy polymers, inluding e.g. the high energy absorption under impat load-
ings and good formability properties that allow reuse and manufaturing of geometrially
hallenging onsumer produts. Moreover, sine both rubbery and amorphous glassy poly-
mers are often omprised of similar onstituents and they share many similar proessing
tehniques, the manufaturing of rubbery and amorphous polymers is more or less lus-
tered. However, their network struture diers onsiderably whih results in dierent
mehanial behavior.
An important dierene in the rubbery polymers, ompared to the amorphous glassy
polymers, is the dominating non-linear elasti behavior whih an already be observed
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in small strains. The Poisson's ratio for the majority of amorphous glassy polymers
varies between 0.35-0.40 whereas 0.45-0.49 is a typial range for rubbery polymers in-
diating almost inompressible deformation. In ontrast to the rubbery polymers, the
amorphous glassy polymers are haraterized by the plasti behavior whih initiates imme-
diately under deformation. Sine the plasti deformation is lose to inompressible, amor-
phous glassy polymers an also be onsidered nearly inompressible at large deformations.
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Figure 1.7: Nominal stress vs strain response of
HNBR50 rubber-like polymer in uniaxial yli
deformation (thin line), f. Göktepe (2007). A
relaxation of visous over-stress is depited by
non-equilibrium point A and equilibrium point B.
The elasti equilibrium urve without hysteresis
is depited by the thik line.
In Fig. 1.6, the networks of rubbery and
amorphous glassy polymers are ompared.
In ontrast to the rubbery polymers, in
whih the network is ross-linked by hemi-
al bonds, the network of amorphous glassy
polymers is formed by the physial jun-
tions. Moreover, the rubbery hain network
forms the ground-state network for the su-
perimposed hains. Similar to the entan-
gled points in the amorphous network, the
superimposed hains are onneted to the
ground-state network at the points whih
resemble entangled points in their funtion.
The strething of superimposed hains is as-
sumed to be the soure of the visous re-
sponse while the deformation of the ground-
state network results in the marosopi
equilibrium stress-strain urve, f. Fig. 1.7.
As a result of the mirostruture, the rubbery hain network an streth without signiant
hain slipping.
To this end, amorphous glassy polymers an be haraterized as follows:
- Light weight relative to strength, high exibility, and good reforming properties.
- Polymer hains are formed by a large number of repeated units that onsist of a
moleule and a bakbone.
- Polymer network is formed by long linear hains that are oiled and randomly dis-
tributed.
- The hains are onneted together by weak van der Waal fores and via entangled
points.
- Network is relatively weak ompared to rystalline and rubbery polymers.
- An inrease of temperature inreases mobility of hains and leads to the transforma-
tion from a solid towards a melt.
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2 Mehanial behavior of amorphous glassy polymers
A variety of experiments on amorphous glassy polymers have been performed during the
last deades, most of whih have been uni- and biaxial ompression/tensile tests, simple
shear tests, miro-indentation experiments and birefringene measurements. The ompres-
sion/tensile/shear tests are onventionally applied in maro-sale (millimeters), whereas the
other methods are suitable in miro/nano-sales (miro/nanometers). The latter method
is an optial proedure, whih is used to estimate the anisotropy of the material from thin
polymer slies. Due to the high energy absorption, amorphous glassy polymers are sensitive
to the plastiity indued and adiabati heating. To avoid the heating during the ompres-
sion/tension tests, relatively low strain rates, typially ranging from 0.0001− 0.01 s−1, are
employed. Moreover, the response of glassy polymers is highly rate-dependent giving rise
to the need for experiments at dierent loading rates. To irumvent the inhomogeneous
deformation present in tensile experiments, ompression tests have frequently been em-
ployed to investigate the marosopi stress-strain response. Among more reent methods,
G'Sell et al. (2002) developed a video-ontrolled tensile testing method for determination
of volume hanges during inhomogeneous deformation.
In order to learn about the underlying mirostrutural deformation mehanisms of
amorphous polymers, a speialized experimentation is needed. Apart from the above ex-
perimental methods, the density utuation and amount of free volume around the hain
moleules have been estimated by X-ray sattering and by positron annihilation spe-
trosopy employed on the thin polymer slies, f. Hasan et al. (1993). The rapid de-
velopment of depth-sensing experiments for nano/miro-indentation during the past two
deades allows aurate experiments on very small volumes. For instane, Hohstetter et al.
(2002) determined the true stress-strain urves of PC, PMMA and diethylene glyol bisal-
lyl arbonate (CR39) employing nano-indentation. Anand and Ames (2006) onduted
miro-indentation experiments on PMMA to investigate reep and reovery at dierent
load levels. The inventions of optial instruments, suh as the atomi fore mirosope
(AFM), the magneti levitation fore mirosope (MLFM) as well as the single moleule
fore spetrosopy (SMFS), have made possible to measure the physial properties of ma-
terials at the moleular level and led to the new eld of nanomehanis, f. Ortiz and
Hadziioannou (1999).
2.1 Inuene of mirostruture on marosopi mehanial behav-
ior
The mirostruture of amorphous polymers is to a large extent a result of the manufa-
turing proess, suh as forging, stamping or extruding whih are olletively known as
solid phase deformation proesses. During these proesses, temperature, pressure as well
as deformation state of the material vary. At the end of the forming proess, the material
shows mirosopi, diretion-dependent harateristis whih are due to the evolution of
miro-raks and shear banding. Brown and Ward (1968) onduted tension tests to inves-
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tigate the eets of initial anisotropy on polyethylene terephthalate (PET). Also Arruda
et al. (1993) investigated the eets of initial anisotropy on PC and PMMA at dierent
temperatures and strain rates. Their uni- and biaxial ompression experiments, as well as
the birefringene measurements, indiated that the resulting anisotropi response is vir-
tually unaeted by the strain history. The yield stress, strain hardening and limit of
extensibility were remarkably similar when subjeted to dierent level of straining prior to
the experiments at dierent temperatures. However, Capaldi et al. (2004) showed that the
mehanial behavior may onsiderably alter due to ertain mehanial pre-onditioning,
e.g. by quenhing and slow-ooling. In Caddell and Woodli (1977), Melik (2003) and
Weltevreden (2009), the diretion-dependent yield behavior through both initially isotropi
and pre-strained glassy polymers was investigated. It was observed that the ompressive
yield stress of initially isotropi material is higher than the yield stress in extension, whereas
the yield stress of the pre-strained material in tension typially reahes onsiderable larger
values than in ompression.
Several experiments have been onduted in order to gain knowledge of the underlying
deformation mehanisms of amorphous polymers. Based on experiments on PMMA, Hasan
et al. (1993) and later also Stahurski (2003) proposed a way to represent the evolution of
plasti deformation in terms of mirostrutural harateristis. Capaldi et al. (2004) and
Lyulin et al. (2006) onduted moleular dynamis (MD) simulations to investigate the
inuene of mirostruture on plasti deformation. It an be onluded that the maro-
sopi mehanial behavior stems from three major mirostrutural harateristis: the
number of entanglements and statistial links between the entanglements, the growth of
shear bands, and the extent of free volume around the hain moleules.
Raha and Bowden (1972) and Arruda et al. (1995) onduted experiments that indi-
ated that the number of entanglements is not onstant, but depends on temperature.
Aording to Tomita and Uhida (2003), the number of hains n in a unit volume and the
number of statistial links N on a hain between entanglements an also vary under isother-
mal loading onditions while the moleular weight of the polymer remains unhangeable.
As a result of redued hain density, the stiness of the network redues. The onept of
free volume is frequently employed to desribe the loosely paked regions having redued
hain density. Due to the existene of free volume around the hain moleules, the yield
behavior of amorphous glassy polymers depends on hydrostati pressure. Experiments on
amorphous polymers proessed by quenhing show a muh lower yield stress and greater
amount of free-volume ompared to the experiments on slowly ooled amorphous polymers,
f. Anand and Ames (2006).
In tensile tests, the initial hain distribution have been found to be marosopially
uniform while large-sale MD simulations have shown that the hain distribution loally is
heterogeneous. The heterogeneity is assumed to generate nuleation sites for shear bands.
As a result of heterogeneity, polymer material shows loalized deformation where miro-
sopi shear bands in losely paked regions develop and annihilate into marosopi shear
bands, f. Tomita and Uhida (2003). Bowden and Raha (1970) onduted plane strain
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ompression tests on PMMA and polystyrene (PS) to investigate the formation of shear
bands. Aording to their observations, the growth of shear bands is the primary soure
for the evolution of plasti deformation in amorphous glassy polymers. The plane strain
tension tests by Tomita and Uhida (2003) showed a remarkable drop in the marosopi
stress immediately after development of the marosopi shear bands. During ontinued
deformation, the propagation of shear bands and development of inhomogeneous deforma-
tion were observed whih is marosopially manifested by neking. The nek propagation
is disussed below.
2.2 Marosopi mehanial behavior
The mehanial properties of amorphous glassy polymers are to a large extent ditated
by their hemial omposition and mirostruture. As temperature inreases, most amor-
phous glassy polymers show inreased deformability in shear. Moreover, experiments show
strong strain rate sensitivity, although this dereases during transition from a solid to a
melt, f. Arruda et al. (1995). The mehanial behavior of amorphous glassy polymers is
haraterized by initial yielding and subsequent strain softening, followed by strain hard-
ening due to the reorientation of polymer hains, f. Haward and Thakray (1968) and
Argon (1973). A representative "S-shaped" true stress-strain urve is presented in Fig.
2.1. One the hains reah their limit for extensibility, a dramati inrease of stress an be
observed.
When the deformation is small and the deformation rate is slow, the moleules have
enough time to relax and the amorphous struture remains unaltered. At this state, the
plasti deformation is yet small and the response is nearly linear elasti. During ontinued
deformation, the plasti strains develop and the total plasti strain near the limiting strain
is at least ten times greater than the initial elasti strain up to the elasti limit, f. Haward
and Thakray (1968). The evolution of plasti deformation in amorphous glassy polymers
is a thermally ativated statistial proess whose rate is proportional to exp(−∆Gf/kT )
where ∆Gf , k and T are the amount of ativation free enthalpy, the Boltzmann onstant,
and the absolute temperature, respetively. The yield stress is reahed one the level of
thermal ativation energy for hain segment rotation is reahed. This barrier is losely
related to the intermoleular resistane. The isotropi hardening results from intermole-
ular resistane to hain segment rotation while the softening in the material is believed
to be the result of loalized shear band formation whih usually ours at strains between
5%-50%, f. Argon (1973), Boye et al. (1988) and Hasan and Boye (1995).
During deformation, the hains align with the prinipal plasti strethes of ontinuum
whih results in an anisotropi response. Moreover, amorphous glassy polymers exhibit
loalized deformation whih is due to shear band propagation under shearing and nek
propagation under tension. Nek propagation an be utilized in forming proesses, e.g. it
is exploited in old drawing whih results in a strongly oriented struture in amorphous
polymer materials. During old drawing, the load is nearly onstant as the nek propagates
through the struture. Several studies have been onduted to investigate nek propagation,
f. G'Sell and Jonas (1979), Stokes and Nied (1986) and Miehe et al. (2009). Stokes
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Figure 2.1: Stress vs strain response of PC in a) uniaxial and b) plane strain ompression. The tests
have been performed by Arruda and Boye (1993a) at two onstant true strain rates ǫ˙ = 0.001 s−1
(solid line) and ǫ˙ = 0.01 s−1 (dashed line) at room temperature. An inrease of ǫ˙ results in the
yield stress inreasing.
and Nied (1986) performed tension tests on PC, polybutylene terephthalate (PBT) and
polyetherimide (PEI) whih indiated that the limit of elasti deformation is followed by
the onset of loalized deformation through a nek formation. The propagation of the
nek results in the alignment of the hains whih appears marosopially as a highly
anisotropi response. Near the limiting strain, there appears a stiening of the material
and a onsiderable inrease in stress.
Strain rate and temperature dependene
Experiments indiate that the mehanial behavior of amorphous glassy polymers is strongly
strain rate and temperature-dependent. Haward and Thakray (1968) and Arruda et al.
(1995) performed uniaxial tests that indiated a strong strain rate dependene in yield stress
and in strain hardening.
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Figure 2.2: Yield stress versus strain rate for
PC. The marker  represents experimental data
point and the solid line a t using the Eyring
relation.
The representative stress-strain responses
of PC under uniaxial and plane strain om-
pression at dierent strain rates are de-
pited in Fig. 2.1. An inreased load-
ing rate results in an inreased stress level
whih indiates the material behavior is
rate-dependent. The yield stress σY is pro-
portional to the logarithmi strain rate ǫ˙
and it an be desribed using the Eyring
relation
σY =
kT
V ∗
sinh−1(
ǫ˙
ǫ˙0
) (2.1)
where V ∗ is the ativation volume and ǫ˙0 is
a pre-exponential fator, f. Fig. 2.2. In
addition to the strain rate dependene, the yield stress is substantially inuened by pres-
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Figure 2.3: Stress vs strain response of PETG in uniaxial ompression at 293K, 333K and
at glass transition temperature 350K. The tests have been performed by Dupaix and Boye
(2005) employing onstant true strain rates, a) ǫ˙ = 0.01 s−1 and b) ǫ˙ = 0.5 s−1. An inrease of
temperature results in the yield stress as well as large strain hardening derease.
sure, f. Christiansen et al. (1971). Aording to the experiments by Ginzburg (2005), the
stress-strain urve of semi-rystalline polymers is also shown to depend on the tempera-
tures during the manufaturing proesses prior to the old drawing. At high strain rates,
temperature and strain rate are oupled whih is due to the plastiity indued heating.
Dupaix and Boye (2005) and Dupaix and Boye (2007) onduted experiments on
polyethylene terephthalate (PET) and polyethylene terephthalate-glyol (PETG) over a
wide range of temperatures. The experimental uniaxial stress-strain urves at three dier-
ent temperatures are depited in Fig. 2.3. A rise in temperature inreases the moleular
hain exibility, and that leads to a redution in the yield stress and the elasti stiness.
Around the glass transition temperature, the experimental response shows less hardening
and the yield peak and the ensuing softening are onsiderably redued. A omparison
of Figs. 2.3(a-b) shows the eets of the hanges in strain rate and temperature. An
interesting remark is that the yield peak and the following softening below the glass tran-
sition temperature annot be observed at ǫ˙ = 0.01 s−1, whereas they both are present at
ǫ˙ = 0.5 s−1.
G'Sell and Jonas (1981) performed tension experiments that indiated strong transient
eets after strain rate hanges in PE, polytetrauoroethylene (PTFE), PP, PVC, and
polyamide (PA), f. Fig. 2.4(a). Lu and Ravi-Chandar (1999) onduted tension exper-
iments on PC that showed relatively small hysteresis and only minor transient eets at
small strains before softening. Arruda et al. (1995) onduted uniaxial ompression exper-
iments on PMMA whih indiated that the yield stress inreases and the strain hardening
dereases with the inreased strain rate. More reently, Khan and Zhang (2001) and Khan
(2006) investigated the inuene of strain rate on strain hardening, reep and relaxation
for PTFE, and Zaïri et al. (2005) for PC. Krempl and Khan (2003) onduted a set of
uniaxial monotoni tests at several loading rates that showed similarities in deformation
behavior between polymers and metals: almost linear elasti phase, nonlinear strain rate
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Figure 2.4: a) Transient eets in experimental stress vs strain response of PVC after strain
rate hanges, f. G'Sell and Jonas (1981). The numbers 1 and 3 indiate the hange from
ǫ˙ = 0.001 s−1 to ǫ˙ = 0.01 s−1 and 2, 4 from ǫ˙ = 0.01 s−1 to ǫ˙ = 0.001s−1. b) Experimental stress
vs strain response of PMMA in yli uniaxial ompression, f. Anand and Ames (2006). The
arrow indiates the diretion of the shift between yles in the hysteresis loops.
sensitivity, nonlinear reep and hysteresis during a loading yle. Cola and Dusuneli
(2008) performed uniaxial tensile tests that showed a strong strain rate sensitivity and
reep/relaxation behavior on semi-rystalline high density polyethylene (HDPE). Anand
and Ames (2006) showed that PMMA exhibits a strong Baushinger-like eet when un-
loaded. Their experiments also indiated a progressive shift between yles in the hysteresis
loops, f. Fig. 2.4(b).
Dreistadt et al. (2009) onduted uniaxial experiments to investigate the inuene of
relaxation time and repeated unloadings on bisphenol A polyarbonate (BPA-PC). The
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Figure 2.5: Compression responses for bisphenol A polyarbonate (BPA-PC) involving a) repeated
unloadings to the given nominal stress π = 1.2 MPa followed by dwell of 120 s and 12, 000 s. b)
Repeated unloadings to π = 42 MPa followed by dwell of 120, 1200 and 12, 000 s. The marker 
indiates reovery developing during the dwell period of 400 days at zero stress. The tests were
performed at onstant true strain rate ǫ˙ = 0.001 s−1, f. Dreistadt et al. (2009).
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experimental stress-strain responses are depited in Fig. 2.5. At the beginning of the
unloading phase, the response shows ontinued deformation opposite to the loading rate
diretion. In ontrast to many other materials, this feature is frequently observed in amor-
phous polymers. During reloadings, the response shows signiant stress peaks whih are
followed by softening bak to the monotoni loading path. As shown, the response is not
sensitive to the duration of dwell at the given stress levels. It will be pointed out, however,
that reovery is progressively replaed by reep and it strongly depends on the presribed
dwell period when the dwell stress inreases, f. also Dreistadt et al. (2009).
To this end, the material behavior of amorphous glassy polymers an be summarized
as follows:
- Initial yielding and subsequent strain softening followed by strain hardening an be
desribed by the typial "S-shaped" stress-strain response.
- The initial response prior to the stress drop is nearly linear.
- Due to the existene of loosely paked regions (free volume) around the hain moleules,
the yield behavior of amorphous glassy polymers depends on hydrostati pressure.
- Temperature- and strain rate-dependene: dereasing strain rate and inreasing tem-
perature result in a lower yield stress.
- Changes in loading rate ause strong transient eets: reep/reovery (dwell) and
stress relaxation.
3 Charaterization of onstitutive models
Most onstitutive models for amorphous glassy polymers are based on network models
originally designed for rubber elastiity. These models date bak to the beginning of the
last entury, f. e.g. James and Guth (1943) and Wang and Guth (1952). In amorphous
polymers, long moleular hains are randomly distributed in spae. The desription of the
hain distribution is based on statistial models whih an be divided into two ategories:
Gaussian and non-Gaussian statistis. In probability theory, Gaussian distribution is alled
the normal distribution, being one of the simplest ontinuous probability distributions. It
is frequently used to desribe real-valued random variables having a widely known "bell"-
shaped probability density funtion. However, at large strains the distribution of polymer
hains does not follow Gaussian statistis, i.e. non-Gaussian statistis is frequently em-
ployed. In statistial models, one end of the hain is xed while the other end has some
probability to reah an innitesimal volume dv. This simple model is termed an ideal or
a freely jointed hain. Applying non-Gaussian statistis, the probability for nding the
end-position in dv is expressed by the two limits: initial random walk-type mean-square
value r0 and the fully extended hain length, rL. Non-Gaussian models have been applied
to amorphous glassy polymers sine 1960s. In the pioneering work by Haward and Thak-
ray (1968), a one-dimensional model was presented. In this model, the rate-dependent
softening/hardening behavior was aptured by using an Eyring dashpot in parallel with a
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Langevin spring whih takes the kinemati hardening into aount.
In ontrast to Newtonian uids, visosity of amorphous glassy polymers is not onstant
but depends on the rate of deformation. Based on spring-dashpot analogies there exist
two main strategies to systematially build relatively simple models. The rst approah is
based on a modiation of the Kelvin-Voigt model involving a nonlinear visous dashpot
in parallel with a nonlinear spring whih takes hardening into aount at large strains.
Moreover, the initial elasti behavior is aptured via an elasti spring. A shemati repre-
sentation of this approah is given in Fig. 4.6. Furthermore, a model an onsist of several
suh Kelvin-Voigt elements arranged in series, f. Fig. 4.11. In the seond approah, two
or more Maxwell elements involving a spring and a visous dashpot in series are arranged
in parallel. One spring is linear, whereas a nonlinear spring aptures hardening in the
material. This approah is shematially represented in Fig. 4.13. Models onsisting of
Kelvin-Voigt elements are typially employed for modeling of amorphous polymers in the
glassy state, f. Arruda and Boye (1993a), whereas the Maxwell-based approah is applied
to amorphous polymers in the rubbery or melt state, f. e.g. Boye and Arruda (2000)
and Dupaix and Boye (2007).
Models for amorphous glassy polymers involve both phenomenologial and mirome-
hanially based aspets. The strain energy is frequently desribed phenomenologially in
terms of the prinipal invariants. In ontrast to the strain energy, the plasti potential as
well as the hain motion are usually desribed by a physially motivated network model.
In both the phenomenologial and the network models, the strain invariant I1 :=
∑
i λ
2
i is
of major signiane. However, the strain energy expressions must be highly nonlinear in
I1 to apture the non-Gaussian nature of a large deformation. In addition to the mixed
phenomenologial and miromehanially based models, there are also purely phenomeno-
logial models. Zaïri et al. (2005) developed a phenomenologial model whih adequately
aptures the behavior of PC during monotoni loading, reep and stress relaxation. This
model, however, involves a large number of onstitutive parameters. Despite the small
number of material parameters employed in miromehanially based models, they are
found to aurately support experimental results. Due to the suess of miromehani-
ally based models for amorphous glassy polymers, all subsequent onsiderations will be
disussed on this basis.
Modeling of the hain network
In the network models, the overall hain network is modeled by single hains whih are
arranged in small ells. The network models an be ategorized to full-network models
and to models, where a redued set of hains in a ell are assumed to be representative
for the entire network. In the early models, the ells were desribed as tetrahedrons or
ubes involving three or four hains, f. James and Guth (1943) and Treloar (1946). Sine
the 3- and 4-hain model annot aurately reprodue the strain hardening in dierent
deformation modes, the 8-hain model has beome the most popular model during the
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Figure 3.1: The idealized hain struture aording to a) the 3-hain model, b) the 8-hain model
and ) the full network model. The dimension of the 3- and the 8-hain ube is a0, and R0 denotes
the radius of the miro-sphere.
last two deades, f. Arruda and Boye (1991) and Arruda and Boye (1993a). In the
8-hain model, the ells onsist of eight polymer hains that extend from the enter along
the diagonals, f. Fig. 3.1. In full network models, the hains extend from the enter
of a miro-sphere and ross the surfae forming a ontinuous hain distribution on the
sphere, f. Fig. 3.1. The overall plasti potential in the full network models, found by
integrating the plasti part of the free energies of all the individual hains over the unit
sphere, is omputationally very expensive. For this reason, full network models are usually
employed in redued dimensions. Treloar (1954) proposed a full network model for simple
uniaxial tension whih was later extended to biaxial tensile deformations by Treloar and
Riding (1979). In the Wu and Van der Giessen (1993) full network model, the distribution
of hains is governed by a hain orientation distribution funtion (CODF). The streth of
individual hains is assumed to follow the ontinuum deformation whih makes the Wu and
Van der Giessen (1993) model ane in that sense. As it was pointed out by Boye and
Arruda (2000), the ane streth assumption, however, is not able to apture deformation
behavior at large strains. Later, Beatty (2003) showed that the 3-hain model by James
and Guth (1943) and the 8-hain model by Arruda and Boye (1993b) follow on from the
Wu and Van der Giessen (1993) full network model. Wu and Van der Giessen (1993)
also showed that the 3-hain model overestimates the stiness of the network while the
8-hain model gives a lower bound. Motivated by these observations and also to avoid the
expensive integration in the full network model, Wu and Van der Giessen (1993) proposed
an approximation where the response is obtained from a linear ombination of the 3- and
the 8-hain model. In the same spirit, Miehe et al. (2002) proposed a model in whih the
integration over the unit sphere is approximated by a 21-point integration sheme.
The key in mehanial models for amorphous glassy polymers is to nd the link between
the miro-strethes of hains and the maro-strethes of ontinuum. There exist two major
priniples for this transition: ane models where the miro-strethes follow ontinuum
deformation, and non-ane models where the miro-strethes are allowed to utuate
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around the maro-strethes. Some authors refer to ane models as models in whih the
number of entangled points of moleular hains are assumed to remain unaltered during
deformation. In that sense, the models mentioned above are ane. In this work, however,
the anity is determined on the basis of miro-strethes of hains. The motivation for non-
ane network models is that the ane network models are not able to reah the limit of
extensibility. Near the limiting strain, some of the hains in the real network are strethed
more than predited by ane models, while some hains are strethed less, espeially in the
diretion of the prinipal strethes. As a result, the ane assumption of hain deformation
is devalued whih neessitates the development of more apable non-ane models.
One of the pioneering models for amorphous glassy polymers, inluding orientational
hardening, is a non-ane 3-hain model proposed by Boye et al. (1988). Later, Arruda
and Boye (1991) proposed a non-ane 8-hain network model whih improves the strain
hardening behavior at large strains and in dierent deformation states (and will herein be
termed the BPA model). These pioneering works were onrmed by Arruda and Boye
(1993a), Arruda et al. (1993), Hasan and Boye (1995), Arruda et al. (1995) and Anand
and Gurtin (2003) to mention a few. In the 8-hain model, the miro-maro transition
is determined by an average network streth whih is given in terms of prinipal plasti
strethes. Based on the 8-hain model, Anand and Ames (2006) proposed a visoelasti-
visoplasti onstitutive model whih was originally used to predit miro-indentation.
However, due to the large number of material parameters inluded, this model is diult
to alibrate and apply in pratie. Miehe et al. (2004) proposed a full network model for
nite rubber elastiity whih was later extended to amorphous glassy polymers by Göktepe
(2007). In this model, a ontinuous distribution of hains is represented by a miro-sphere,
and the miro-maro transition is given by a p-root averaging operator.
Modeling of marosopi deformation
Basially, the kinematial approahes for modeling marosopi deformation of amorphous
glassy polymers an be split into the two main ategories based on:
(i) the multipliative deomposition of the total deformation gradient F into an elasti
and a plasti omponent,
(ii) an additive kinematial onept based on the notion of a plasti metri.
In the rst approah (i), the plasti omponent F p represents the irreversible deformation
from the referene onguration to the intermediate onguration and is onsidered to
be an internal variable whih desribes the marosopi plasti deformation. The elasti
omponent F e represents the elasti deformation from the intermediate onguration to
the urrent onguration. Based on the seond approah (ii) Miehe et al. (2002) proposed a
model for anisotropi plastiity in whih the elasti strain is oneptually dened in additive
form ǫe := ǫ− ǫp. In Miehe et al. (2009), the multipliative approah and the kinematial
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approah by Miehe et al. (2002) are ompared for both isotropi and anisotropi materials
and the results indiate similarities for a wide range of boundary value problems.
The miromehanially based models an be regarded as a three dimensional extension
of the onstitutive model for rubber elastiity by Wang and Guth (1952), in parallel with the
rate- and temperature-dependent Argon (1973) model. The Argon (1973) model is based
on the double-kink theory whih results in a rate- and temperature-dependent evolution
equation for the plasti ow. Later Boye et al. (1988) improved the Argon (1973) model
by making yield pressure sensitive and by introduing softening. In addition to the Argon
(1973) model, the temperature-dependent plasti evolution law proposed by Robertson
(1966) should be mentioned. In ontrast to the Argon (1973) model where the resistane
to plasti deformation is attributed to intermoleular interations, the evolution of the
plasti ow in the Robertson (1966) model requires a threshold for the intramoleular
resistane to be reahed. Compared to the Argon (1973) model, the Robertson (1966)
model yields more aurate results both lose to the glass transition temperature and in
melt state, whereas the Argon (1973) model is superior in glassy state. It an be onluded
that the intermoleular resistane is of major importane in the evolution of the plasti
deformation below the glass transition temperature.
Despite the intensive researh during the past deades, the physial link between
the mirostruture and the marosopi mehanial behavior is not yet fully understood.
Stahurski (2003) made a review of the studies whih onern the inuene of miromeh-
anisms on the marosopi stress-strain behavior. These studies pointed to the onlusion
that the plasti deformation evolves due to the tension in the hain segments whih results
in slipping through neighboring entanglement sites. Furthermore, in Kameda et al. (2007),
a large number of experiments have been studied to nd the mehanisms for the onset of
plasti deformation in non-rystalline polymers. The development of omputational power
and moleular dynamis (MD) simulation methods have failitated investigation of miro-
sopi deformation behavior espeially at high strain rates. Reently, Capaldi et al. (2004)
and Lyulin et al. (2006) onduted MD simulations to investigate the eets of temperature
on deformation of the moleular struture when subjeted to high strain rates.
In onlusion, the main features of urrent models of amorphous glassy polymers an
be summarized as follows:
- Material behavior is desribed as elasti-visoplasti or visoelasti-visoplasti.
- Models an be lassied as phenomenologial and miromehanially based models.
- The 8-hain model and full network models with a redued integration sheme are
onsidered most apable miromehanially based models.
- Miromehanially motivated models are based on non-Gaussian statistial mehanis
and on non-ane hain motion.
- The miro-maro transformation is determined by an average network streth whih
allows utuation of the miro-strethes around the maro-strethes.
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4 State-of-the-art models of amorphous glassy polymers
Despite the vast amount of researh arried out during the past four deades, modeling of
amorphous glassy polymers is still an ative researh eld. The objetive of the ongoing
researh is to develop onstitutive models whih are able to reprodue the experimental
response at a minimum number of material parameters while temperature, loading rate
and deformation state vary. Moreover, to be of pratial importane, the models should be
suitable for numerial solution methods. A omparison of models and experimental results
in the literature reveals that models based on the 8-hain model and the full network
models with redued integration shemes are most apable for modeling of amorphous
glassy polymers. The models by Boye et al. (1988), Arruda and Boye (1991), Arruda
and Boye (1993a), Wu and Van der Giessen (1993) and Anand and Gurtin (2003) are
some examples of models within this group. These models an be onsidered as three-
dimensional extensions of the James and Guth (1943) 3-hain model for rubber elastiity
and the Haward and Thakray (1968) model for glassy polymers. However in detail, these
models dier and many reent studies are based on them.
In this hapter, the 8-hain model by Arruda and Boye (1993a) and the full network
model by Wu and Van der Giessen (1993) will be disussed in detail. In Sweeney (1999),
these two models are ompared and it was onluded that the Arruda and Boye (1993a)
model better aptures the rubber-like material behavior. A omparison of rubber-like
materials also reveals that the stress response by the Wu and Van der Giessen (1993)
model is in between those of the 3-hain model by Boye et al. (1988) and the 8-hain
model by Arruda and Boye (1993a).
In addition to the elebrated Arruda and Boye (1993a) and Wu and Van der Giessen
(1993) models, the reent models by Anand and Ames (2006), Dupaix and Boye (2007)
and Miehe et al. (2009) will be reviewed in this hapter. The major dierene between
the reviewed models is the desription of the polymer network. The models by Wu and
Van der Giessen (1993) and Miehe et al. (2009) are full network models, whereas the other
models are based on the 8-hain network model. Due to the inability of ane networks
models to predit the behavior at large deformations, the only ane model onsidered here
is the one by Wu and Van der Giessen (1993). In all models, the plasti evolution equation
relies on the well-aepted double-kink theory of Argon (1973).
In Miehe et al. (2009), the marosopi deformation is desribed by the onept of a
plasti metri, whereas the multipliative split of the deformation gradient is employed
in the remaining models. An advantage of the Miehe et al. (2009) onept is that the
plasti spin never enters into the formulation, whereas the multipliative split results in the
rotation of the intermediate onguration not being unique. To speify the orientation of
the intermediate onguration, a onstitutive law for the plasti spin must be postulated.
A detailed disussion of that matter an be found e.g. in Boye et al. (1989). In the
Anand and Ames (2006) and Dupaix and Boye (2007) models, the plasti spin is assumed
to vanish whereas in the Arruda and Boye (1993a) and Wu and Van der Giessen (1993)
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models, the elasti part of the deformation gradient is assumed to be symmetri whih
results in the plasti spin being nonzero.
In state-of-the-art models onsidered in this thesis, the plasti deformation stems from
isotropi resistane due to hain segment rotations parallel with anisotropi resistane,
whih results from the strething of the entire network and reorientation of the polymer
hains. This notion for the hardening mehanism is usable under isothermal loading on-
ditions far below the glass transition temperature Tg as well as it is motivated by the
omplete reversibility of plasti deformation at temperatures higher than Tg, f. Melik
(2003). However, several laims that show evidene against this approah are presented in
the literature. Boye and Haward (1997) showed that the strain hardening tends to derease
with inreasing temperature and the dynami mehanial thermal analysis (DMTA) per-
formed by Melik (2003) indiated that hardening lose to the glass transition temperature
is essentially governed by the hain density of the polymer network. Aording to Tomita
and Tanaka (1995), the extension along the hain diretion and ompression perpendiular
to the hain diretion inreases the number of entanglements and aets hardening in the
material. Basu et al. (2005) proposed a onstitutive model where yield, network hardening
and disentanglement are aounted for bril growth and failure. Klompen et al. (2005)
and Hoy and Robbins (2007) pointed out that the strain hardening sales with both the
yield stress and visosity of the material. In Bardenhagen et al. (1997) and Khan and
Zhang (2001), visosity, whih was attributed to the disentanglement of hain network,
was shown to inrease with elasti strain and redue with the inreasing strain rate. It
should be mentioned that many of these approahes, as will be shown, an be readily
implemented as a part of state-of-the-art models. One onsequene of their appliation is
that the number of material parameters needed in the models inreases. Simulations, how-
ever, indiate that suh omplexity is required to satisfatorily predit the experimentally
observed thermomehanial behavior of polymer glasses.
In all the models under onsideration, the single hain deformation is desribed in
a similar manner. However, the desription of the transformation from a single hain
deformation to the ontinuum deformation diers onsiderably between the 8-hain model
and full network models. Hene, the single hain deformation, ontinuum deformation
as well as the Argon (1973) model will be disussed together, whereas the miro-maro
transformation and its ontribution to marosopi stresses will be disussed separately.
4.1 Basi kinematis - multipliative approah
Sine most of the onstitutive models of amorphous glassy polymers rely on the multiplia-
tive split, the fundamental elements of that approah will be reviewed below. The loal
deformation is governed by the deformation gradient F whih an be onsidered as a linear
map of the referential vetors dX onto the spatial ounterparts dx, i.e. dx = F dX, f.
Fig. 4.1. The referene and the spatial positions in a material body within the Eulidean
spae are given by the referene and the spatial oordinates X and x, respetively. Based
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on the total deformation, the onstitutive laws in the models under onsideration are de-
ned in terms of the Cauhy-Green deformation tensor C or the Finger tensor b, dened
as
C := F TF (4.1)
and
b := FF T (4.2)
respetively. The supersript T denotes the transpose. Aording to the multipliative
deomposition, the deformation gradient is split into its elasti and plasti omponent as
F = F eF p. (4.3)
The intermediate onguration N¯ is only loally dened, i.e. the elasti and the plasti
deformation gradient, F e and F p respetively, are not true deformation gradients. How-
ever, both are mappings for whih det(F e) > 0 and det(F p) > 0, i.e. the inverses F e−1
and F p−1 exist. Using (4.3), dx is given by dx = F eF pdX and sine the inverse F e−1
exists, the vetors in the intermediate onguration are given by dX¯ = F pdX = F e−1dx,
f. Fig. 4.1. Moreover, the elasti onstitutive law an be given in terms of the elasti
nger tensor
be := F eF e,T . (4.4)
In the intermediate setting, the elasti onstitutive law is dened by the elasti Cauhy-
Green deformation tensor
C¯
e
:= F e,TF e. (4.5)
The plasti deformation an be dened via the plasti deformation tensor
bp := F pF p,T (4.6)
or alternatively in the referene onguration by
Cp := F p,TF p. (4.7)
In aordane with the polar deomposition, the deformation gradient an be given in
terms of the rotation tensor R and the symmetri, positive denite strethes v and U as
F = vR = RU . (4.8)
In analogy with (4.8), the polar deomposition of the elasti deformation gradient F e
results in
F e = veRe = ReU¯
e
(4.9)
where ve and U¯
e
are symmetri, positive denite left and the right elasti streth tensor,
respetively, and Re is the elasti rotation. In aordane with (4.9), use will be made of
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Figure 4.1: Deformation of a solid body and the mappings between dierent ongurations. a)
The multipliative deomposition of the deformation gradient F into an elasti and a plasti part
F e and F p, and the polar deompositions based on the right strethes U , U¯
e
and Up. b) The
polar deompositions based on the left strethes v, V¯
p
and ve.
the polar deomposition of F p, i.e.
F p = V¯
p
Rp = RpU p (4.10)
where V¯
p
and U p are the plasti strethes and Rp is the plasti rotation. The deformation
rate orresponding to deomposition (4.3) is given by the spatial veloity gradient l dened
as
l := F˙ F−1 = le + F eL¯
p
F e−1 =: le + lp (4.11)
where lp := F eL¯
p
F e−1 is the spatial form of the plasti veloity gradient L¯
p
. In (4.11)
˙(·),
denotes the material time derivative. The elasti and the plasti veloity gradients le and
L¯
p
introdued in (4.11), are dened as
F˙
e
= leF e, F˙
p
= L¯
p
F p. (4.12)
Based on (4.12) the rate of the plasti deformation tensor b˙
p
an be derived as
b˙
p
=
˙
F pF p,T = F˙
p
F p,T + F pF˙
p,T
= F˙
p
F p−1F pF p,T + F pF p,TF p−T F˙
p,T
= L¯
p
bp + bpL¯
p,T
.
(4.13)
For later purposes, the spatial veloity gradient is deomposed into its symmetri and
skew-symmetri parts as
l = d+ ω (4.14)
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where d := sym(l) is the rate of deformation and ω := skew(l) is the spin both given in
the spatial onguration. The symmetri and the skew-symmetri part were dened by
sym := 1/2([·]+ [·]T ) and skew := 1/2([·]− [·]T ), respetively. Similar to (4.14), the elasti
and plasti veloity gradients an be deomposed into their symmetri and skew-symmetri
part, i.e.
le = de + ωe, L¯
p
= D¯
p
+ W¯
p
(4.15)
where
de := sym(le), ωe := skew(le),
D¯
p
:= sym(L¯
p
), W¯
p
:= skew(L¯
p
).
(4.16)
Based on (4.16), the rate of the elasti deformation tensor
˙¯Ce an be determined as
˙¯Ce =
˙
F e,TF e = F e,TF e−T F˙
e,T
F e + F e,T F˙
e
F e−1F e = 2F e,TdeF e, (4.17)
i.e.
˙¯Ce is related to the spatial rate of elasti deformation de through F e. As a onsequene
of the multipliative deomposition of the deformation gradient,
F = F eR˜R˜
T
F p = F˜
e
F˜
p
,
i.e. the rotation R˜ of the relaxed, stress-free intermediate onguration is not unique and
ertain additional kinematial assumptions are needed. In the Anand and Ames (2006)
and Dupaix and Boye (2007) models, the plasti spin is assumed to vanish, whereas in
the Arruda and Boye (1993a) and Wu and Van der Giessen (1993) models the plasti spin
W¯
p
is onsidered as nonzero. Agah-Tehrani et al. (1987) derived an expression for W¯
p
based on the assumption that the elasti rotation Re is unity. Post multiplying (4.11) by
F e and making use of (4.14) and (4.15) yield
(d+ ω)F e = F˙
e
+ F e(D¯
p
+ W¯
p
). (4.18)
Taking the skew-symmetri part of (4.18) results in the following omponent relation
F eij(ωjk − W¯ pjk) + (ωij − W¯ pij)F ejk = F eij(djk + D¯pjk)− (dij + D¯pij)F ejk, i, j, k = 1, 2, 3, (4.19)
where F eij = F
e
ji due to the irrotational elasti deformation. The equation (4.19) reveals
that the spin terms (ωαβ − W¯ pαβ) an be given in terms of (dαβ + D¯pαβ).
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4.2 Single hain deformation
To avoid a omplex and omputationally expensive treatment of the hain network at
the mirosopi level, a representative network model is required as well as the transition
between miro- and maro-strethes must be determined. The desription of a network
struture is given in terms of the four idealized quantities: (1) average initial length of hain
segments r0 between physial entanglements, f. Fig. 4.2; (2) average fully extended length
rL of a hain segment; (3) funtion of entangled points; and (4) the average orientation
distribution of the hain segments.
One the deformation is applied, the hains extend while the ongurational entropy
dereases. To desribe the deformation of a single hain, a model of freely jointed and
volumeless hains is frequently used as the starting point. One end of this hypothetial
hain is xed (e.g. the enter point in a ell) while the other end has a nite probability to
reah any other position in some innitesimal volume dv, f. Flory (1969) and Fried (2009).
The non-Gaussian nite extensibility of a single hain is given by the ontour length as
rL = lN where N is the number of statistial links (also alled "kinks", f. Argon (1973),
Tomita and Tanaka (1995)) of length l between the physial entanglements, f. Fig. 4.2.
Beause the hain is freely jointed, the three axes are independent of eah other and the
probability that a hain has an end-position in dv is the produt of the probabilitiesW (x),
W (y) and W (z) for eah of the axes onsidered separately. One of many possibilities to
desribe the original undeformed length r0 is dened by a simple stohasti proess whih
results in the random walk a Gaussian distribution∫
V
W (x)W (y)W (z)dxdydz = (
β√
π
)34πr2e−β
2r2dr =: W (r)dr.
The maximum value of this distribution ours at rmax = 1/β ≈ 0.82l
√
N . The mean-
squared value of r is found by the integrating
〈r2〉 =
∫ ∞
0
r2W (r)dr = l2N,
whih is used to dene the random walk-type mean-squared value r0 as r0 =
√〈r2〉 = l√N .
Hene, the hain loking streth is given by
λL = rL/r0 ∈ (1,
√
N ]. (4.20)
The urrent streth of a single hain is given by the end-to-end distane r ∈ (0, rL) as
λ =
r
r0
∈ (0,
√
N). (4.21)
Chains are oriented along the diretions for whih λ > 1 and oiled along the diretions
having λ < 1.
So far, the hain density n has not expliitly been taken into aount. In the models
under onsideration, the number of entanglements is assumed to be onstant. However,
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Figure 4.2: Illustration of a freely jointed polymer hain in dierent ongurations: a) the urrent
end-to-end vetor r and b) the geometry of a single polymer hain onsisting of N segments of
equal length l between physial entanglements. The probability for nding the end-position in
innitesimal volume dv = dxdydz during deformation is expressed by the limits: initial random
walk-type mean-square value r0 and the fully extended hain length rL.
aording to the experiments by Raha and Bowden (1972) and Tomita and Uhida (2003),
the number of entanglements may hange due to deformation and temperature hanges. In
terms of network theory, inreasing number of hains n dereases the number of statistial
links N on a hain between the entanglements. Also, the hain density is losely related
to the number of entangled points and inreasing hain density auses stiening in the
material and results in the extensibility being dereased. Motivated by these observations,
the hain density n is assumed to be related to the number of statistial links N between
the entanglements via
n(θ)N(θ) = Ntot = const. (4.22)
where θ is temperature, f. Arruda et al. (1995).
4.3 Miro-maro transition
The key in network models is to nd a link between the deformation of a single hain
and the marosopi, ontinuum deformation. Aording to the ane streth assumption,
the maro-streth λ¯ of the ontinuum and the miro-streth of a single hain λ dened by
(4.21) are equal, i.e.
λ = λ¯. (4.23)
This relation, however, was originally used to desribe the deformation of a single polymer
hain between the juntions of a ross-linked network, f. Treloar and Riding (1979). Later
Arruda and Boye (1993b) showed that the ane streth assumption is not suitable for large
strains and the extensibility of hains should be determined on the basis of non-Gaussian
statistis. To allow the miro-streth of the hains to utuate around the maro-streth,
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(4.23) is generalized to
λ = λ¯f (4.24)
where the multiplier f is the streth-utuation eld on the unit sphere whih in a mul-
tipliative format transforms the ane streth. As it was pointed out in the preeding
setion, the loation of the free end of a freely jointed hain is given by non-Gaussian
statistis. In ontrast to the end points of hains, the intersetions of hains and the
surfae of a unit sphere dene the transformation between the miro- and maro-strethes.
Let us now onsider the averaging of a mirosopi variable h. Let p denote the proba-
bility for nding the rossing point of a single hain within the innitesimal area element
da := sin(θ)dθdϕ, θ ∈ [0, π], ϕ ∈ [0, 2π] on the unit sphere. The average of a mirosopi
variable h under a ontinuous hain distribution p is dened as
〈h〉 :=
∫
A
p(a)h(a)da (4.25)
where A denotes the surfae of the unit sphere. The homogenization (4.25) allows us to
dene the homogenized miro-streth 〈λ〉 as
〈λ〉 :=
∫
A
λpda. (4.26)
The non-ane miro-streth λ is assumed to be onstrained by
〈λ〉 = 〈λ¯〉, (4.27)
i.e. the inuene of hain utuation around the network streth λ¯ vanishes in homoge-
nization. In many amorphous polymers, the initial hain distribution p0 is uniform whih
results in p0 = 1/A, A = 4π being onstant. The representation of (4.26) in the referential
onguration is derived by the transformation λ(θ, ϕ) = λ(θ0, ϕ0), i.e.
〈λ〉 =
∫
A
λ(θ0, ϕ0)p0dA (4.28)
where dA = sin(θ0)dθ0dϕ0, θ0 ∈ [0, π], ϕ0 ∈ [0, 2π]. Taking advantage of (4.27), p0 = 1/A
in (4.28) yields
〈λ¯〉 = 1
A
∫
A
λ¯da. (4.29)
In addition to the averaging (4.29), Göktepe (2007) proposed an alternative averaging of
λ¯
〈λ¯〉m =
( 1
A
∫
A
(λ¯)mdA
) 1
m , m > 0 (4.30)
whih an be onsidered as the p-root average of λ¯. Based on the minimization of the
averaged free energy Göktepe (2007) onluded that the non-ane miro-streth is obtained
4.3 Miro-maro transition 27
only if λ = λ¯f being onstant. Together with (4.27) this gives
λ = 〈λ¯〉m. (4.31)
Moreover, let us also remark that the spei hoie m = 2 in (4.30) orresponds to the
non-ane miro-streth used in the 8-hain model and it will be presented in the next
setion. In the following, the homogenized maro-strethes 〈λ¯〉 and 〈λ¯〉m will be termed
the network streth.
4.3.1 The 8-hain model
In the 8-hain model, the initial orientation of a single hain segment is governed by the
initial end-to-end vetor r0. The angles between the referene axes and the end-to-end
vetor have the same initial value φ0 = 54.7
◦
, f. Fig. 3.1. During deformation, the hains
in the prism remain linked through the xed enter point whih results in the elongation
of the hains being equal. The urrent end-to-end vetor is denoted by r.
In the models for amorphous glassy polymers, the desription of the miro-maro tran-
sition is based on hain strething whih is due to the plasti deformation. The edges of
the 8-hain prism are assumed to align with the unit eigenvetors N¯α, α = 1, 2, 3, whih
are the prinipal diretions of the plasti streth V¯
p
, f. Fig. 4.3. The plasti miro-streth
λp is dened by analogy to (4.21), i.e.
λp = r¯/r0 (4.32)
where r¯ denotes the end-to-end vetor solely due to the plasti strething. In ontrast
to the ane deformation, the plasti miro-streth λp is allowed to utuate around the
ontinuum deformation. In terms of the unit vetor N¯ := 1/
√
3
∑
α N¯α, let us dene the
e1
e3
e2
√
3
2
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N¯ 1
N¯ 3
λ¯p
√
3
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Figure 4.3: The hain geometry aording to the 8-hain model in a) undeformed and b) deformed
onguration. The base vetors N¯α, α = 1, 2, 3, align with the unit eigenvetors of V¯
p
. The
dimension of the undeformed element is a0 and λ¯
p
denotes the plasti hain streth whih appears
in the diretion m¯. The unit vetor m¯ is dened by the angles θ¯ and ϕ¯, whereas the plasti
network streth λpec is related to the diretion N¯ .
28 4 State-of-the-art models of amorphous glassy polymers
k
k
k
e1
e3
e2
Figure 4.4: Illustration of an 8-hain polymer model. A material body omprises k3 piees of 8-
hain elements with equal dimension, a0 = 2/
√
3r0. The total number of entangled points (blak
nodes) in a body an be evaluated via the number of entangled points in one element.
plasti network streth λpec as
λpec =
√
N¯ · bpN¯ = 1√
3
√∑
α
(λ¯pα)2 =:
1√
3
√
Ip1 . (4.33)
In (4.33), (λ¯pα)
2
, α = 1, 2, 3, denote the prinipal strethes of bp. It emerges from (4.33)
that the plasti network streth is obtained as a projetion of the plasti deformation in
the diretion N¯ , whereas the single hain diretion is given by m¯ =
∑
α m¯αN¯α with the
omponents m¯1 = sin θ¯ cos ϕ¯, m¯2 = sin θ¯ sin ϕ¯ and m¯3 = cos θ¯, f. Fig. 4.3. Sine the
plasti network streth λpec is independent of θ¯ and ϕ¯, (4.27) in (4.30) yields
〈λpec〉m = λpec, (4.34)
i.e. the general non-ane hain model presented in the previous setion inludes the eight
hain model as a speial ase.
The following small example illuminates the onstrution of the hain network in the
8-hain model. Assuming that the material body is a retangular prism omprising k3
piees of 8-hain ubes with the dimension a0 = 2/
√
3r0, f. Fig. 4.4. The number of
hains in the prism is q = 8k3 and the number of entangled points is j = (k+1)3+k3. For
a large k, the ratio beomes q/j = 4. The relation (4.22) then gives the number of kinks
in a single hain is to be found by N = Ntot/(4j). For instane, the set of parameters for
PC on the rst line in Table 5.1 yields Ntot = 6.73 · 1027, f. Tomita and Tanaka (1995).
4.3.2 Full network models
Similar to the 8-hain model, the orientation of the hains is desribed by the vetor r
having the length r ∈ [r0, rL]. The hain orientation distribution over the unit sphere is
4.3 Miro-maro transition 29
given by the distribution funtion p whih must satisfy the normalization ondition∫ π
θ=0
∫ 2π
ϕ=0
p(θ, ϕ; t)da = 1. (4.35)
In the Wu and Van der Giessen (1993) full network model, the distribution funtion p
is termed the Chain Orientation Distribution Funtion (CODF), f. also the ontribution
Harrysson et al. (2010) in this regard. The Lagrangian form of the hain distribution as well
as the representation in the intermediate onguration an be found by the transformations∫
A
pda =
∫
A¯
p¯dA¯ =
∫
A
p0dA = 1 (4.36)
where the innitesimal area elements are
da = sin(θ)dθdϕ, dA¯ = sin(θ¯)dθ¯dϕ¯, dA = sin(θ0)dθ0dϕ0.
The innitesimal area elements da, dA¯ and dA on the unit sphere in the referene, inter-
mediate and the spatial onguration, respetively, an be represented via the unit normal
vetors and the orresponding innitesimal area element vetors da, dA¯ and dA as
da =m♭ · da, dA¯ = m¯♭ · dA¯ , dA =m0 · dA (4.37)
where the unit normals m♭, m¯♭ and m0 are ovariant vetors. Sine the unit normal
vetor m0 is equal to the initial diretion of a single hain, one an dene m0 := r0/r0.
Moreover, the unit normals m¯♭ and m♭ are nothing but the representations of the initial
normal vetor m0 in the intermediate and the spatial onguration, respetively, and they
an be derived via the linear maps
m♭ =
r0
r
F−Tm0 =
1
λ¯
F−Tm0, m¯♭ =
r0
r¯
F p−Tm0 =
1
λ¯p
F p−Tm0. (4.38)
In (4.38), the ane assumption λ = λ¯ was employed. Sine the network strethes follow
the ontinuum deformation, they an be found by
λ¯ =
√
m0 ·Cm0, λ¯p =
√
m0 ·Cpm0. (4.39)
Sine the plasti deformation is assumed to be isohori, det(F p) = 1. Employing the
Nanson's formula da = JF−TdA and dA¯ = F p−TdA in (4.36) together with (4.38) and
(4.37) results in ∫
A
pda−
∫
A
p0dA =
∫
A
(Jp
1
λ¯
m0C−1 − p0m0)dA∫
A¯
p¯dA¯−
∫
A
p0dA =
∫
A
(p¯
1
λ¯p
m0Cp−1 − p0m0)dA
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Figure 4.5: The hain geometry aording to the full network model in a) undeformed and b)
deformed ongurations. The initial radius R0 = 1 and R denotes the urrent distane from the
enter point to the deformed surfae. The orientation of a hain is determined by the angles θ
and ϕ with the initial values θ0 and ϕ0. The base vetors Nα, α = 1, 2, 3 align with the unit
eigenvetors of C.
whih allow the distributions to be written as
p(θ, ϕ; t) =
p0
J
λ¯(θ0, ϕ0; t)
3, p¯(θ¯, ϕ¯; t) = p0λ¯
p(θ¯, ϕ¯; t)3. (4.40)
Let us now onsider an averaging of a mirosopi variable h in (4.25). For later purposes,
use is made of the intermediate setting. The number of hains dQ¯ in an innitesimal area
dA¯ is given by
dQ¯ = np¯(θ¯, ϕ¯; t)dA¯ (4.41)
where n is the number of hains per unit volume. With (4.41), the averaging (4.25) beomes
〈h〉 =
∫
A¯
p¯(θ¯, ϕ¯; t)h(θ¯, ϕ¯; t)ndA¯. (4.42)
Substitution of (4.40)2 into (4.42) yields
〈h〉 =
∫
A¯
(λ¯p)3hp0ndA¯. (4.43)
For a uniform distribution, the average of h an be extrated from (4.43) taking p = p0 =
1/A into aount, i.e
〈h〉 = n
A
∫
A¯
(λ¯p)3hdA¯. (4.44)
The averaging (4.44) is employed in the Wu and Van der Giessen (1993) full network model
for the plasti part of the free energy ϕp.
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4.4 Elasto-visoplastiity
In this setion, the fundamental ingredients of elasto-visoplastiity suitable for amorphous
glassy polymers will be reviewed. In the models onsidered, the plasti deformation stems
from two soures: a) isotropi resistane due to hain segment rotations parallel with b)
anisotropi resistane whih results from the strething of the entire network and reorienta-
tion of the polymer hains.
σ
σ
L
e
)
a) b)
σ˜ βdev
Figure 4.6: Shemati representation of the ap-
plied models. The models are governed by the
elements: a) visoplasti dashpot, b) nonlinear
Langevin spring and ) elasti spring.
A shemati representation of the model is
given in Fig. 4.6. Resistane a) is desribed
by a visous dashpot representing rate- and
temperature-dependent yield while a non-
linear Langevin spring in resistane b) al-
lows the stiening at large strains to be
modeled. In addition, the initial elasti re-
sponse is modeled by a linear spring having
the stiness L
e
. During deformation the
distribution of hains beomes non-uniform
whih results in an anisotropi response.
Without loss of generality, let us on-
sider the setting in the intermediate on-
guration, f. e.g. Arruda and Boye
(1993a). The thermomehanial potential,
also alled Helmholz' free energy per unit volume, is assumed to be given by
ϕ = ϕ(C¯
e
, bp) = ϕe(C¯
e
) + ϕp(bp) (4.45)
where ϕe and ϕp are the elasti and the plasti part of the free energy, respetively. The
elasti and the plasti deformation tensor C¯
e
and bp were dened by (4.5) and (4.6),
respetively. As it was pointed out in Se. 2, the elasti deformation of amorphous glassy
polymers is relatively small, f. e.g. Haward and Thakray (1968). As a onsequene,
Arruda and Boye (1991) and Arruda and Boye (1993a), for example, assumed the initial
response is linear without visoelasti eets. Moreover, the initial response is onsidered
isotropi due to the uniform hain distribution. The elasti response of many amorphous
glassy polymers an be modeled in terms of an isotropi strain energy, i.e.
ϕe =
1
2
κ(Ie1)
2 + 2µJe2 (4.46)
where κ and µ are the bulk and the shear modulus, respetively. The logarithmi invariants
present in (4.46), are dened as
Ie1 := trace(ln U¯
e
) = ln Je and Je2 := 1/2(ln U¯
e
)dev : (ln U¯
e
)dev
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where Je := det(U¯
e
). The deviatori part is dened as (·)dev := (·) − 1/3trace(·)I¯ in
whih I¯ is the identity tensor. Conerning tensorial notations, see e.g. Bonet and Wood
(1997) and Belytshko et al. (2000) for a more detailed aount. In ontrast to the plasti
part of the free energy, the strain energy expression (4.46) is purely phenomenologial. To
derive the onstitutive relations for the stresses, let us onsider the rate of the free energy
ϕ˙. Assuming isothermal onditions to prevail, the loal dissipation per unit volume in the
referene onguration is governed by
D := S : E˙ − ϕ˙ ≥ 0 (4.47)
where the seond Piola-Kirhho stress S and the rate of the Green-Lagrange strain E˙ are
dened as
S := F−1τF−T , E˙ := F TdF (4.48)
and τ is the Kirhho stress. The rate of the free energy beomes
−ϕ˙(C¯e, bp) = −∂ϕ
e(C¯
e
)
∂C¯
e :
˙¯Ce − ∂ϕ
p(bp)
∂bp
: b˙
p
, (4.49)
Using (4.17) it follows diretly that
∂ϕe
∂C¯
e :
˙¯Ce = 2(F e
∂ϕe
∂C¯
eF
e,T ) : de. (4.50)
Taking the symmetri part of (4.11) yields
d = de + dp. (4.51)
Taking advantage of (4.13) and assuming that the plasti part of the free energy is an
isotropi funtion of bp yields
∂ϕp
∂bp
: b˙
p
= 2sym(
∂ϕp
∂bp
bp) : D¯
p
. (4.52)
Substituting (4.50) and (4.52) into the dissipation inequality (4.47) and taking (4.51) into
aount give
D :=
(
τ − 2F e ∂ϕ
e
∂C¯
eF
e,T
)
: d+ 2(F e
∂ϕe
∂C¯
eF
e,T ) : dp − B¯ : D¯p ≥ 0 (4.53)
where the bakstress B¯ in the intermediate onguration was dened as
B¯ := 2sym(
∂ϕp(bp)
∂bp
bp). (4.54)
Using the arguments by Coleman and Gurtin (1967) turns out the following expression for
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the Kirhho stress τ
τ = 2F e
∂ϕe
∂C¯
eF
e,T . (4.55)
Taking advantage of (4.55), the loal dissipation (4.53) redues to
D := Σ¯ : D¯p − B¯ : D¯p ≥ 0 (4.56)
where the Mandel stress
Σ¯ = 2C¯
e ∂ϕe
∂C¯
e (4.57)
was introdued. For later purposes, the dissipation inequality (4.56) an be represented as
D := Σ˜ : D¯p ≥ 0, Σ˜ := Σ¯− B¯ (4.58)
where Σ˜ is the thermodynami driving stress in the intermediate onguration. Sine not
all of the plasti work is dissipated, a part of the plasti work is stored in the material
during deformations. In the models, the bakstress represents the non-dissipative stored
stress. Later on, it will be shown that the models under onsideration satisfy (4.56) and
(4.58).
It should be noted that the Mandel stress in general is not symmetri. However, if
the strain energy ϕe is assumed to be an isotropi tensor funtion, it turns out that the
Mandel stress is symmetri. Expressing the elasti deformation tensor C¯
e
in terms of the
eigenvetors N¯
e
α and the elasti prinipal strethes λ¯
e
α =
√
N¯
e
α · C¯eN¯ eα, α = 1, 2, 3, and
using the hain rule in the isotropi strain energy ϕe results in
∂ϕ¯e(C¯
e
)
∂C¯
e =
3∑
α=1
1
2(λ¯eα)
2
∂ϕ¯e
∂ ln λ¯eα
N¯
e
α ⊗ N¯ eα. (4.59)
Substitution of (4.59) into (4.55) yields
τ = 2F e
∂ϕ¯e
∂C¯
eF
e,T = F e
( 3∑
α=1
1
(λ¯eα)
2
∂ϕ¯e
∂ ln λ¯eα
N¯
e
α ⊗ N¯ eα
)
F e,T . (4.60)
Taking F eN¯
e
α = λ¯
e
αR
eN¯
e
α into aount in (4.60) and noting λ¯
e
α = λ
e
α, the Kirhho stress
τ takes the following form
τ =
3∑
α=1
∂ϕe
∂ lnλeα
ReN¯
e
α ⊗ N¯ eαRe,T . (4.61)
Sine CeN¯
e
α = (λ¯
e
α)
2N¯
e
α, the Mandel stress beomes
Σ¯ := 2
(∂ϕ¯e(C¯e)
∂C¯
e C¯
e)
=
3∑
α=1
∂ϕ¯e
∂ ln λ¯eα
N¯
e
α ⊗ N¯ eα. (4.62)
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Comparison of (4.61) and (4.62) reveals that
Σ¯ = Re,TτRe (4.63)
and thus for the assumption Re being unity, the omponents of the Mandel stress and the
Kirhho stress are equal. Using the strain energy (4.46), the Mandel stress Σ¯ takes the
following form
Σ¯ = 2µ(ln U¯
e
)dev + κ lnJeI¯. (4.64)
4.5 Argon (1973) plasti evolution model
In this setion, the evolution equation for plasti deformation by Argon (1973) is outlined.
The details involving the double-kink theory an be found in Love (1944), Li and Gilman
(1970) and Argon (1973). The plasti deformation of amorphous glassy polymers is a
thermally ativated stohasti proess whih is desribed by the Arrhenius-type equation,
i.e.
γ˙p = γ˙0 exp(−∆Gf/kT ) (4.65)
where γ˙0 is a onstitutive parameter and ∆Gf is the amount of ativation free enthalpy.
Aording to the double-kink theory, the rotation of the polymer moleule segments gener-
ates the plasti deformation. The ativation free enthalpy ∆Gf is due to the formation of
a pair of kinks in a polymer moleule segment embedded in the surrounding material. Let
a) b)
ω
ω
r¯
z¯
Figure 4.7: Modeling of a kink pair by the Argon (1973) model. a) A pair of kinks are formed
by taking two irular uts of radius r¯, removing wedges of angle ω and b) nally arranging the
wedges in the opposite side. The distane of the wedges is denoted by z¯.
us onsider a referene ylinder of a radius r¯ whih represents a straight hain moleule
being embedded in an elasti media, f. Fig. 4.7. The pair of moleular kinks an be
formed by removing two wedges separated by a distane z¯, then inserting the wedges into
the opposite side and nally joining the parts together. The amount of ativation free
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Figure 4.8: Illustration of Argon (1973) double-kink theory. a) Formation of double-kink by a
pair of wedge dislination loops of a moleule segment in the surrounding material. The plane
AL aligns with the xz-diretions whih are the prinipal diretions of the applied shear stress
state. The initial ut-surfae S0 of a loop is in the xy-plane perpendiular to z-diretion. b) The
miro-free energy ∆F as a funtion of distane ratio z¯/r¯.
enthalpy required for the kink formation is dened as the dierene
∆Gf = ∆W −∆F (4.66)
where ∆W is the work done by an externally applied stress τ during the formation of
the dislination loops, f. Fig. 4.8. In the material surrounding the hain, the eetive
shear stress τ is onsidered onstant. ∆F in (4.66) is the hange in the free energy due
to the formation of a pair of dislination loops in the surrounding material. In amorphous
polymers, dislinations are primarily aused by hain kinking alled wedge dislinations,
whereas twist dislinations an be ignored, f. Li and Gilman (1970). Also disloations,
whih are reognized as ommon defets in rystalline polymers, are not suient to exeute
arbitrary onformational hanges in amorphous polymers. For a wedge dislination loop,
the rotation angle is denoted by ω and the axis of the rotation is in the plane of the loop, f.
Fig. 4.8. One the wedge dislination loops are formed, the rotation results in an average
ompressive strain inrement ∆ǫzz. Based on simple linear kinematis,
∆ǫzz = −πr¯
2
AL
z¯(1− cos(ω)) ≈ − πr¯
3
2AL
z¯
r¯
ω2
where A is the ross-setional area and L is the length of the domain under onsideration,
f. Fig. 4.8. The latter result relies on an expansion for ω << 1. Sine the kinking takes
plae around the y-axis and the ontinuum in the y-diretion is onsidered innite, the
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plane strain state prevails, i.e. ∆ǫyy = 0. Moreover, rst order hanges in volume are
onsidered negligible and hene ∆ǫxx = −∆ǫzz . Hene, the work done by the applied stress
τ beomes
∆W =
∫
L
∫
A
(−τ ·∆ǫzz + τ · −∆ǫzz)dAdL = −2ALτ ·∆ǫzz = πr¯3ω2τ z¯
r¯
. (4.67)
Next, let us onsider the approximation of the free energy ∆F based on the distant
stress eld. For further reading, Huang and Mura (1972) onduted more aurate ompu-
tations for the elasti free energy outside the dislination loops. In the formation of wedge
dislinations, ∆F is primarily due to the work done by the stress omponent σzz(x, y, z).
Following Li and Gilman (1970), the free energy ∆F onsists of two parts. The rst part
∆Fself is due to the elasti interation of the two wedge dislination loops with their neigh-
bours, and the seond part ∆Fint is due to the interation between the two dislination
loops. The displaement eld at large distanes from the loop is obtained by applying
the Volterra method, f. Volterra (1907) and Love (1944). For instane the displaement
uxx(x, y, z) is aused by a point fore fxx applied at a loation P (x, y, z) of an elasti sur-
rounding. Sine the Volterra method is beyond the sope of this work, the displaements
are extrated from Li and Gilman (1970):
uxx =
3ωr¯4
32(1− ν)(
z2
R5
(
5x2
R2
− 1) + 1− 2ν
R3
(
1
3
− x
2
R2
)),
uyy =
3ωr¯4xy
32(1− ν)R5 (
5z2
R2
− 1 + 2ν),
uzz =
3ωr¯4xz
32(1− ν)R5 (
5z2
R2
+ 1− 2ν)
(4.68)
where ν is the Poisson's ratio and R :=
√
x2 + y2 + z2. The displaements (4.68) give rise
to the strain eld
ǫxx =
15xωr¯4
32R5(1− ν)(
z2
R2
(3− 7x
2
R2
)− (1− 2ν)(3
5
− x
2
R2
)),
ǫyy =
15xωr¯4
32R5(1− ν)(
z2
R2
(1− 7y
2
R2
)− (1− 2ν)(1
5
− y
2
R2
)),
ǫzz =
15xωr¯4
32R5(1− ν)(
z2
R2
(3− 7z
2
R2
) + (1− 2ν)(1
5
− z
2
R2
)).
(4.69)
Based on the strains (4.69) at large distanes from the loops, and assuming linear elastiity,
the stress omponent σzz beomes
σzz =
3r¯4µω
16(1− ν)
x
R5
(1 +
10z2
R2
− 35z
4
R4
) (4.70)
where µ is the shear modulus. In the derivation of (4.70), rst order hanges in volume
were negleted. The stress eld σzz is shown in Fig. 4.9. The miro-free energy ∆F
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Figure 4.9: Stress eld σzz of a wedge dislination loop. The stress is saled by 3r¯
4ωµ/16(1−ν)z4.
is due to the work done by the innitesimal fore d∆fzz = σzzda, whih results in the
innitesimal displaement duzz = xdω, f. Fig. 4.8. Sine the self energy ∆Fself arises
from the resistane of the elasti surroundings, it is obtained by integrating the stress eld
σzz at the ut plane z = 0 outside the two dislination loops. The innitesimal area element
outside the dislination loop is given by da = rdrdθ and the integration yields
∆Fself = 2
∫ 2π
0
∫ ∞
r¯
∫ ω
0
σzz(xdω)rdrdθ =
3πr¯3µω2
16(1− ν) . (4.71)
This result an be onsidered as an estimate sine the stress eld is only aurate at large
distanes from the loops in atomi dimensions, f. Li and Gilman (1970). The interation
energy ∆Fint is due to the formation of the seond loop within the stress eld of the rst
loop. The innitesimal area element inside the dislination loop is given by da = 1/2rdrdθ,
f. Fig. 4.8. The integration over the stress eld σzz inside the two dislination loops results
in the amount of the interation energy being
∆Fint = −2
∫ 2π
0
∫ r¯
0
∫ ω
0
σzz(xdω)
1
2
rdrdθ = −9πr¯
3µω2
8(1− ν)
( r¯
z¯
)5
(4.72)
where z = z¯, i.e. the distane between the two dislination loops. Sine r¯ << z¯, a
omparison of (4.71) and (4.72) reveals that the miro-free energy ∆F results primarily
from the self energies of the loops. The miro-free energy ∆F as a funtion of distane ratio
z¯/r¯ is represented in Fig. 4.8(b). In the derivation of (4.72), the two loops are assumed to
be relatively far apart and the stress eld is assumed to be linear elasti. As a result, the
free energy ∆F does not vanish as the ratio z¯/r¯ goes zero. Substitution of (4.67), (4.71)
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and (4.72) into (4.66) yields
∆Gf = ∆F −∆W = 3πr¯
3µω2
16(1− ν) −
9πr¯3µω2
8(1− ν)
( r¯
z¯
)5 − πr¯3µω2(τ
µ
)( z¯
r¯
)
. (4.73)
The extremum of the total ativation energy ∆Gf is determined by setting the derivative
of ∆Gf with respet to the ratio (z¯/r¯) to zero. This yields the extremum
(z¯/r¯)∗ = (
45
8(1− ν)
µ
τ
)1/6
and the substitution of (z¯/a¯)∗ into (4.73) yields,
∆G∗f =
3πr¯3µω2
16(1− ν)
(
1− ( τ
s0
)
5
6
)
(4.74)
where s0 is the athermal shear strength having a onstant value s0 = 0.077µ/(1− ν). Use
of (4.74) in (4.65) yields the evolution law for the plasti deformation, i.e.
γ˙p = γ˙0 exp
(−As
T
(1− ( τ
ss
)
5
6 )
)
(4.75)
where A := 39πω2r¯3/(16k). The onstant athermal stress s0 in (4.74) is replaed by ss
whih takes pressure into aount, i.e.
ss = s + αp, p = −1/3trace(σ) (4.76)
where s is the athermal stress. The parameter α is the pressure dependene fator, ranging
from 0.1-0.2 for amorphous glassy polymers, f. Bowden and Jukes (1972). Aording to
Boye et al. (1988), the athermal shear strength s is assumed to obey the evolution rule
s˙ = h(1− s/sss)γ˙p, s(0) = s0 (4.77)
where h and sss are onstitutive parameters.
4.6 Plasti part of the free energy ϕpc of a single hain
The free energy of the entire network is assumed to be equal to the sum of the free energies
of the single hains. Sine the desription of the marosopi deformation through all singe
hains beomes very ompliated, statistial methods are employed. Based on statistial
mehanis, the polymer hains are desribed by an idealized hain whih onsists of freely
rotating links. The idealized hain is omposed of N statistial links having an equal length
l. Based on the fundamental postulate of statistial mehanis for an isolated system in
marosopi equilibrium, the rotation of eah link has an equal probability, i.e. no mutual
orrelation exists between adjaent links, f. Diu et al. (1990). However, the rotations of
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links in real polymers are onstrained by neighboring hains to vary on a limited interval.
It then follows from this assumption that the undeformed length of a hain is given by
the random walk-type mean-square value as r0 = l
√
N . The goal of using a statistial
approah is to desribe the mean behavior of a hain in equilibrium. The onstrained
neighborhood of a hain is onsidered as a heat reservoir whih keeps one or some of the
quantities, suh as energy, volume, pressure or temperature in a hain onstant, but allows
the energy exhange between the hain and the heat reservoir, f. Göktepe (2007).
Let us rst onsider a freely jointed hain in a state where energy exhange between
the hain and the reservoir is solely due to heating while the temperature of the hain is
onstant. The hain within the reservoir onstitutes a system whih onsists of i = 1, ..., N
links. The task is then to nd the statistial distribution of the mirosopi states whih
maximizes the statistial entropy
η = −k
∑
i
pi ln pi (4.78)
with the onstraints ∑
i
pi = 1, e =
∑
i
piei = onstant (4.79)
where k is the (positive) Bolzmann's onstant and pi is the probability of nding the
freely jointed hain in the state with internal energy ei, f. Diu et al. (1990). The seond
onstraint, e being onstant, states that the externally imposed total energy of the system
is xed. Moreover, if one onguration has the probability pk = 1, k ∈ [1, ..., N ], the
entropy vanishes. The solution of the maximization problem (4.78) an be found using the
method of Lagrange multipliers whih leads us to the following form
L =
∑
i
pi ln pi + β(
∑
i
piei − e+
∑
i
pi − 1) (4.80)
where β := 1/kT is the Lagrange multiplier. The neessary ondition for the minimization
problem is that the gradient of the Lagrangian funtion vanishes, i.e. ∂L/∂pi = 0, i =
1, ..., N , and the result is
pi =
exp(−βei)
Z
. (4.81)
In the solution (4.81), the partition funtion Z = Zˆ(T ) =
∑
i(exp(−βei)) is found by
substituting the probabilities (4.81) into (4.79)1. With the probabilities (4.81), the total
energy e is obtained as the sum over the hains, i.e.
e =
∑
i
eipi =
∑
i ei(exp(−βei))
Z
. (4.82)
From (4.82), it an be onluded that
e = −∂ lnZ
∂β
. (4.83)
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Figure 4.10: A hain onguration. a) Idealized geometry of a single polymer hain onsisting of
N segments of equal length l. b) The elongation of a hain is due to a onstant fore F and the
projetions of the segments on z-axis is denoted by lz,i, i = 1, ..., k, ..., N .
Moreover, edβ = −(∂ lnZ/∂β)dβ =: −d(lnZ). Using the produt derivative rule results
in
edβ = d(eβ)− βde = −d(lnZ). (4.84)
Sine the energy hange de is solely due to heat exhange, de = Tdη whih together with
(4.84) yields
edβ = d(eβ)− βTdη = −d(lnZ). (4.85)
Taking note of the total energy hange being e, integration of (4.85) yields the following
mean value for entropy
η = k(lnZ + βe) (4.86)
For brevity, the integration onstants were suppressed in the derivation of (4.86). However,
in addition to the onstant temperature, the hain is also subjeted to onstant pressure.
In this situation, the hain is neither isolated nor rigid, i.e. an energy hange between the
hain and the reservoir takes plae in the form of both heat and work. The work on the
surroundings is done by a onstant axial "tip fore" F := ∂ϕ/∂λ where ϕ denotes the free
energy of a single hain, f. Fig 4.10(b). A onguration of the hain is desribed by lz,i,
i = 1, ..., N , whih are the projetions of eah segment of equal length l on the z-axis. All
admissible ongurations belong to the set
A :=
{
{lz,i, i = 1, 2, ..., N} | r = rˆ(lz,i) =
N∑
i
lz,i =: Nlz
}
(4.87)
where lz is the average projetion length. The hain onguration in equilibrium possesses
the enthalpy of eah segment hi = hˆi(r) = eˆi(r) − Fr, i = 1, ..., N where the end-to-end
distane r is onsidered as an internal variable that ontinuously hanges within the domain
A. The problem at hand is now to nd a onguration in A that maximizes the statistial
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entropy
η =
∫
A
−k
∑
i
(pi ln pi)dr (4.88)
subjeted to the onstraints∫
A
∑
i
pidr = 1, h =
∫
A
∑
i
pihidr = onstant, e =
∫
A
∑
i
pieidr = onstant. (4.89)
Using the method of Lagrange multipliers in the same way as above, the solution of the
maximization problem beomes
pi = pˆi(r) =
exp(−βhˆi(r))
Z
(4.90)
where
Z = Zˆ(T, F ) =
∫
A
∑
i
exp(−βhˆi(r))dr. (4.91)
Using the probabilities pi in (4.90) the mean enthalpy h is derived in analogy to (4.82), i.e.
h =
∫
A
∑
i
pihidr =
∫
A
∑
i hi(exp(−βhi))
Z
dr. (4.92)
Similar to (4.83), the mean enthalpy h an be identied as
h = −∂ lnZ
∂β
(4.93)
and the average end-to-end distane as
r =
1
β
∂ lnZ
∂F
. (4.94)
Multipliation of h by dβ yields
hdβ = −d(lnZ). (4.95)
In addition to the energy hange de = Tdη, the hange of enthalpy dh inludes the in-
nitesimal work rdF , i.e. dh = −rdF + Tdη. Taking this result into aount and using
the produt derivative rule, (4.95) an be rewritten as
hdβ = d(hβ)− βdh = d(hβ)− β(−rdF + Tdη) = −d(lnZ). (4.96)
Taking note of F being onstant and the total enthalpy of the system being h, the inte-
gration of (4.96) yields the entropy
η = k(lnZ + βh) = k lnZ +
e− Fr
T
. (4.97)
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Using the entropy (4.97) in the denition of the free energy ϕ := e− Tη results in
ϕ = −kT lnZ + Fr. (4.98)
Sine the length of eah segment is l, the projetions are restrited to the interval lz,i ∈
[−l, l], f. Fig 4.10. Moreover, sine orientation of eah hain segment is a priori uniform,
the normalization ondition results in∫ l
−l
p(lz,i)dlz,i = 1 ⇒ pi(lz,i) = 1/(2l),
i.e. the probability density in all diretions is equal pi(r(lz,i)) = pj(r(lz,j)) for all i, j =
1, ..., N . It then follows from (4.90) that hi as well as ei, i = 1, ..., N are equal. Taking this
result into aount and using the properties of the exponential funtion allow the partition
funtion (4.91) to be written as
Z = Zˆ(T, F ) =
∫
A
exp(βFr)dr. (4.99)
Note, that the onstant terms were negleted in (4.99) due to the identity d(lnZ) = 1/ZdZ,
whih was needed to obtain the free energy (4.98). Let us then onsider an innitesimal
hange in the hain onguration. The hange in the hain length is denoted by dr and it is
due to the hange in a hain onguration with the equal distributions pi = pˆi(lz,i) = 1/2l
for eah segment i = 1, ..., k, ..., N . The probability that the segment k obtains the proje-
tion length lz,k is given by Pk = lz,k/2l. Sine the hain motion is Brownian, the alignment
of eah segment takes plae simultaneously. As mentioned above, the alignment of the
segments is assumed to be independent from the others whih denes the probability dP
for an innitesimal hange of the projetion length lz to be alulated by the multipliative
rule, i.e.
dP =
∏
i
dPi =
∏
i
pidlz,i = (
1
2l
)N
∏
i
dlz,i ≈ (dlz
2l
)N (4.100)
where the error in approximation vanishes as the number of hain segments N approahes
to innity. It then follows from (4.87) that dr = rdP = NlzdP whih together with (4.100)
in (4.99) yields
Z(T, F ) =
( 1
2l
∫ l
−l
exp(βF lz)dlz
)N
=
(sinh(χ)
χ
)N
(4.101)
where χ := βF l. Substitution of (4.101) into (4.94) gives the end-to-end distane r =
lNL(χ), where L is the Langevin funtion dened by L(χ) = coth(χ)−1/χ. The inversion
of the Langevin funtion results in χ := L−1(r/lN) = L−1(λ/
√
N) and thus
F =
kT
l
L
−1(λ/
√
N). (4.102)
When evaluating the inverse of the Langevin funtion, the Pade approximation L
−1(λ/
√
N) =
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λ(3−(λ)2)/(1−(λ)2) proposed by Cohen (1991) is employed. The error assoiated with this
approximation vanishes as N approahes to innity. In the extension of the non-Gaussian
free energy for rubber elastiity to the plasti potential for glassy polymers, the prinipal
strethes of v are replaed by the prinipal plasti strethes of V¯
p
. Let us then assume
that r¯ is the end-to-end distane of the hain whih results solely from plasti deformation.
The plasti miro-streth was already given by (4.32), i.e. λp = r¯/r0. Using λ
p
, insertion of
(4.102) into (4.98) results in the following expression for the plasti part of the free energy
of a single hain
ϕpc = kNT
( λp√
N
χ + ln
( χ
sinh(χ)
))
. (4.103)
Based on the expression (4.103) the total stored energy will be determined for the state-
of-the-art models.
4.7 The BPA model
In this setion, the BPA model will be reviewed, f. Arruda and Boye (1991) and Arruda
and Boye (1993a). In the BPA model, the hain network is modeled by the 8-hain model,
i.e. the hain segments extend from the enter point of the ubi ell along its diagonals.
Sine the streth of all hain segments is idential, the total stored energy onsists of the
stored energies ϕpc of n single hains aording to
ϕp = nϕpc . (4.104)
The stored energy of eah hain ϕpc was given by (4.103) where the plasti hain streth
λp is now replaed by a non-ane plasti network streth λpec. In analogy to (4.33), the
plasti network streth an be dened in terms of the plasti deformation tensor bp as
λpec =
√
N¯ · bpN¯ =
√
1/3trace(bp) (4.105)
where N¯ := 1/
√
3
∑
α N¯α and N¯α, α = 1, 2, 3, are the prinipal diretions of b
p
. Applying
the hain rule in (4.54) yields
B¯ := 2sym
(∂ϕp(λpec)
∂λpec
∂λpec
∂bp
bp
)
,
∂ϕp(λpec)
∂λpec
= nkT
√
NL−1(
λpec√
N
). (4.106)
The inverse Langevin funtion present in (4.106) results in an asymptotially inreasing
bakstress as the streth in the hains reahes the limit λL, f. (4.20). Dierentiation of
(4.105) and multipliation by bp yield
2
∂λpec
∂bp
bp =
1
3λpec
bp. (4.107)
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Substitution of (4.106)2 and (4.107) into (4.106)1 yields
B¯ =
CR
3λpec
√
NL−1(
λpec√
N
)bp (4.108)
where CR := nkT is a material parameter, also termed the hardening modulus. In the
BPA model, the ow rule is postulated in terms of the Cauhy stress σ aording to
D¯
p
:=
γ˙p√
2
n, n =
σ˜dev
τ
, σ˜dev := σdev − βdev, τ :=
√
1
2
σ˜dev : σ˜dev (4.109)
where γ˙p is given by (4.75) involving the pressure-dependent athermal shear strength whih
evolves aording to (4.77). The prinipal omponents of the deviatori part of the bak-
stress in the intermediate onguration are given by
B¯devα =
CR
3λpec
√
NL−1(
λpec√
N
)
(
(λ¯pα)
2 − (λpec)2
)
.
(4.110)
In the BPA model, the elasti response is onsidered as isotropi and the elasti rotation
is assumed to be unity, whih result in the omponents of the Mandel stress (4.64) being
equal with the omponents of the Kirhho stress τ via the relation (4.63). The elasti
onstitutive law in the BPA model is given by
τ = 2sym(
∂ϕe
∂be
be). (4.111)
Sine Ie1(U¯
e
) = Ie1(v
e) and Ie2(U¯
e
) = Ie2(v
e), the Kirhho stress beomes
τ = 2µ(lnve)dev + κ lnJei (4.112)
where i is the spatial identity tensor. In the original BPA model, however, the Cauhy
stress σ = 1/Jτ is used. Based on (4.112), the elasti onstitutive law an be formulated
as
σ =
1
J
L
e : lnve (4.113)
where L
e := 2µ(I + (3κ− 2µ)/(6µ)i⊗ i) is the fourth order stiness tensor and I is the
fourth order identity tensor. The omponents of L
e
in an orthonormal artesian oordinate
system are given by
Leijkl := 2µ
[
1
2
(δikδjl + δilδjk) +
3κ− 2µ
6µ
δijδkl
]
. (4.114)
In the ow rule (4.109), the rate of plasti deformation D¯
p
is assumed to align with the
spatial normalized diretion of σ˜dev. This assumption is based on the fat that the elasti
strethes in many appliations are small ompared to the plasti strethes. Moreover,
omparison of (4.64) and (4.112) reveals that the stress omponents in the intermediate
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and spatial ongurations are equal. It an be onluded that the plasti deformation whih
follows from the evolution law (4.109) is isohori. Sine, the volumetri deformation is
suppressed in (4.109), the ow rule is generally inappropriate for modeling razing. The
BPA model is summarized in Table 4.1.
4.8 The Wu and Van der Giessen (1993) model
In the Wu and Van der Giessen (1993) model, the hain network is modeled by the full
network model. Aording to the full network model, the hain segments extending from
the enter point of the unit sphere are ontinuously distributed on its surfae. The end-
to-end vetor r¯ in the intermediate onguration is obtained from strething and rotating
of the initial end-to-end vetor r0 in an ane manner, i.e. r¯ = F
pr0. Thus, the plasti
network streth λ¯p in the diretion of unit vetor m0 = r0/r0 is given by
λ¯p =
√
m0 ·Cpm0. (4.115)
The stored energy is represented in terms of the plasti network streth λ¯p in the referene
onguration, and it is derived by an integration over the unit sphere
ϕp =
∫
Q
ϕpcdQ, ϕ
p
c = ϕ¯
p
c(λ¯
p) (4.116)
where ϕpc was given by (4.103). Analogously with (4.41), the number of hains on an
innitesimal area of a unit sphere dQ is dened as
dQ = np0(θ0, ϕ0;λ
p
α)dA = n
dA
4π
, dA := sin(θ0)dθ0dϕ0. (4.117)
Substitution of (4.117) into (4.116) results in the plasti part of the free energy being
ϕp =
n
4π
∫
A
ϕpcdA. (4.118)
The bakstress in the referene onguration is given by
B := 2sym(
∂ϕp
∂Cp
Cp) = 2sym(
∂ϕp(λ¯p)
∂λ¯p
∂λ¯p
∂Cp
Cp) (4.119)
where
∂ϕp(λ¯p)
∂λ¯p
=
n
4π
∫
A
∂ϕpc
∂λ¯p
dA =
nkT
4π
√
N
∫
A
L
−1(
λ¯p√
N
)dA. (4.120)
Making use of (4.115), the seond term in (4.119) takes the following form
∂λ¯p
∂Cp
= (2λ¯p)−1m0 ⊗m0. (4.121)
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Substitution of (4.120) and (4.121) into (4.119) leads us to the form
B =
CR
√
N
4π
∫
A
L
−1(
λ¯p√
N
)(λ¯p)−1sym(m0 ⊗m0)dA ·Cp. (4.122)
Let Nα, α = 1, 2, 3 be the prinipal diretions of C
p
. The diretion of the hains an then
be expressed as m0 =
∑
αm
0
αNα. The omponents of m
0
are given by m01 = sin θ0 cosϕ0,
m02 = sin θ0 sinϕ0 and m
0
3 = cos θ0. Multipliation of (4.122) from both sides byNα results
in the prinipal omponents of the bakstress being
Bα =
CR
√
N
4π
∫
A
L
−1(
λ¯p√
N
)(λ¯p)−1(λpα)
2(m0α)
2dA. (4.123)
Similar to the BPA model, the bakstress an be identied in the intermediate ongura-
tion. The unit vetor in the diretion of r¯ is m¯ =
∑
α m¯αN¯α. For further referene, it is
noted that the prinipal plasti strethes λ¯pα and λ
p
α of b
p
and Cp are equal. Employing
the relationship F pNα = λ¯
p
αN¯α one obtains
r¯ = r¯m¯ = r¯m¯αN¯α = F
pr0 = r0F
pm0 = r0m
0
αλ
p
αN¯α,
from whih together with r¯ = λ¯pr0 it follows that
m0 = λ¯pm¯F p−T and m0α = m¯α
λ¯p
λ¯pα
. (4.124)
Using (4.40) in (4.41), the number of hains rossing an innitesimal area element dA¯ on
the unit sphere is given by
dQ¯ = np0(λ¯
p)3dA¯ =
n
4π
(λ¯p)3dA¯, dA¯ = sin θ¯dθ¯dϕ¯. (4.125)
Hene, the plasti part of the free energy in the intermediate onguration takes the form
ϕ¯p =
n
4π
∫
A¯
(λ¯p)3ϕpcdA¯ (4.126)
and thus
∂ϕ¯p
∂λ¯p
=
nkT
4π
√
N
∫
A¯
L
−1(
λ¯p√
N
)(λ¯p)3dA¯. (4.127)
The bakstress B¯ in the intermediate onguration is derived as the push-forward of (4.122)
by F p and using the transformation (4.124) whih together with (4.127) yield
B¯ =
CR
√
N
4π
∫
A¯
L
−1(
λ¯p√
N
)(λ¯p)4(m¯⊗ m¯)dA¯. (4.128)
4.9 The Miehe et al. (2009) model 47
Similar to the BPA model, the plasti strething is onstitutively desribed by (4.109). The
deviatori part of the bakstress βdev present in (4.109) is derived by the push-forward of
(4.128) to the spatial onguration by F e. The prinipal deviatori omponents of (4.128)
are
B¯devα =
CR
√
N
4π
∫
A
L
−1(
λ¯p√
N
)(λ¯p)4(m¯2α −
1
3
)dA¯. (4.129)
In the 8-hain model, the non-ane network streth λpec does not depend on the an-
gles θ0, ϕ0. Moreover, the unit diretion vetors m
0
in (4.122) are replaed by N =
1/
√
3
∑
αNα, α = 1, 2, 3. Hene, the representation (4.122) beomes
B =
CR
√
N
4π
L
−1(
λpec√
N
)(λpec)
−1
∫
A
N ⊗NdA ·Cp = CR
3λpec
√
NL−1(
λpec√
N
)Cp. (4.130)
A omparison of (4.108) and (4.130) reveals that the omponents of the bakstresses are
equal, i.e. in the omponent level, the Wu and Van der Giessen (1993) model is redued
to the BPA model as a speial ase.
Based on the simulations of rubber-like materials, Wu and Van der Giessen (1993) on-
luded that the stress response by the Wu and Van der Giessen (1993) model lies between
those of the 3-hain Boye et al. (1988) model and the 8-hain Arruda and Boye (1993a)
model. As with the approximation of stresses for rubber-like materials, this observation
motivated an approximation of the bakstress by
B¯α = (1− ρ)B¯tcα + ρB¯ecα , α = 1, 2, 3,
where ρ ∈ [0, 1] is the tting parameter, and B¯tcα and B¯ecα are the prinipal bakstresses
aording to the 3- and the 8-hain model, respetively, f. Wu and Van der Giessen
(1993). The kinematis and the onstitutive equations of the Wu and Van der Giessen
(1993) model are summarized in Table 4.2.
4.9 The Miehe et al. (2009) model
The stored energy in the Miehe et al. (2009) model is given by the sum of the stored
energies of the single hains ϕpc , i.e. ϕ
p = nϕpc . The plasti miro-strethes λ
p
of the hains
are allowed to utuate around the plasti maro-strethes λ¯p in the format (4.24). The
utuation eld f for the plasti streth is derived from the minimization priniple for the
average free energy, whih results in the miro-streth being relaxed by (4.31). Using the
p-root averaging operator (4.28), the non-ane plasti network streth is
〈λ¯p〉m =
( 1
A
∫
A
(λ¯p)mdA
) 1
m , m > 0, (4.131)
and the total stored energy is given by ϕp(〈λ¯p〉m). In the Miehe et al. (2009) model, the
plasti network streth is given in terms of the referene plasti metri Gp whih allows
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the logarithmi plasti strain to be dened as
ǫp :=
1
2
lnGp. (4.132)
Using the total logarithmi strain ǫ = lnU , Miehe et al. (2009) dened the elasti strain
ǫe as
ǫe := ǫ− ǫp. (4.133)
It should be noted that the elasti strain is oneptually dened and is not the result of
kinematial onsiderations. The bakstress is derived by the dierentiation of the plasti
potential ϕp(〈λ¯p(Gp)〉m) with respet to the plasti metri Gp applying the hain rule, i.e.
β :=
∂ϕp(〈λ¯p〉m)
∂〈λ¯p〉m
∂〈λ¯p〉m
∂ǫp
=
∂ϕp(〈λ¯p〉m)
∂〈λ¯p〉m
∂〈λ¯p〉m
∂Gp
:
∂Gp
∂ǫp
(4.134)
where
∂ϕp(〈λ¯p〉m)
∂〈λ¯p〉m = kT
√
NL−1(
〈λ¯p〉m√
N
). (4.135)
In the Miehe et al. (2009) model, the plasti maro-streth λ¯p is given in terms of the
plasti metri as
λ¯p =
√
m0 ·Gpm0 (4.136)
where m0 = r0/r0. Making use of (4.136) and (4.131), one obtains
∂〈λ¯p〉m
∂Gp
=
〈λ¯p〉1−mm
2
〈(λ¯p)m−2m0 ⊗m0〉, 〈(•)〉 = ( 1
4π
∫
A
(•)mdA) 1m . (4.137)
Substituting (4.135) and (4.137) into (4.134) yields
β = CR
√
N〈λ¯p〉1−mm L−1(
〈λ¯p〉m√
N
)sym
(
〈(λ¯p)m−2m0 ⊗m0〉 : ∂G
p
∂ǫp
)
. (4.138)
In the Miehe et al. (2009) model, the ow rule is postulated aording to
ǫ˙p :=
γ˙p√
2
n, n =
τ˜ dev
τ
, τ˜ dev := τ dev − βdev, τ :=
√
1
2
τ˜ dev : τ˜ dev (4.139)
where the stress τ is dened in terms of the elasti logarithmi strain ǫe as
τ := 2µ(ǫe)dev + κ trace(ǫe)I.
As in previously presented models, the isotropi hardening is dened via the evolution
law (4.77) and γ˙p is given by (4.75). Employing the Gauss theorem, one an show that
isotropy and the stress-free state are satised through the onstraints 〈m0〉 = 0 and
〈m0 ⊗m0〉 = 1/3I. In the eight hain model, the plasti network streth λpec does not
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depend on the spherial oordinates θ0 and ϕ0 when the speial hoie of m = 2 results in
(4.105) and (4.131) being equal, i.e. 〈λ¯p〉m = λpec. As a result, the representation (4.138)
beomes
β =
CR
3λpec
√
NL−1(
λpec√
N
)sym
(
I :
∂Gp
∂ǫp
)
.
(4.140)
A omparison of the representations (4.140) and (4.108) reveals that the bakstresses in the
BPA model and in the Miehe et al. (2009) model dier. It appears from (4.106) and (4.134)
that their omponent representations are equal only if ∂ϕp/∂ǫp = 2sym(∂ϕp/∂Gp ·Gp).
The Miehe et al. (2009) model is summarized in Table 4.3.
4.10 The Anand and Ames (2006) model
Anand and Ames (2006) proposed a visoelasti-visoplasti onstitutive model whih was
originally developed for prediting miro-indentation. In ontrast to lassial linear vis-
oelastiity, whih is desribed by one Kevin-Voigt element, the Anand and Ames (2006)
model onsists rheologially of several Kelvin-Voigt elements arranged in series, f. Fig.
4.11, element b).
σ
L
e a)
(1)
(2)
(N+1)
c)µB
σB
µ0
µ1
µN
σA
b)
Figure 4.11: Shemati representation
of the Anand and Ames (2006) model.
The model is governed by the elements:
a) elasti spring, b) Kelvin-Voigt ele-
ments, i = 0, ..., N , and ) nonlinear
Langevin spring.
One onsequene of this relatively omplex model
is that the number of material parameters used in the
model is large. Simulations, however, indiate that
suh omplexity is required to satisfatorily predit
the experimentally observed load-indentation (P-h)
urves. The Kelvin-Voigt-like elements represent in-
elasti miromehanisms involving the evolution of
isotropi and anisotropi hardening. Visoelasti ef-
fets are taken into aount through the miromeha-
nisms i = 1, ..., N and the nonlinear Langevin spring,
f. Fig. 4.11, element ). The strain softening in
eah miromehanism i = 0, ..., N is modeled by tak-
ing the athermal shear stress si to evolve to a satura-
tion value sss,i. Moreover, the plasti deformation in
eah miromehanism is given by D¯
p
i and the salar
variable ϕ whih represents the loal free volume.
The hain network is desribed by the 8-hain model
whih has already been touhed upon in Se. 4.3.1.
In aordane with the BPA model, the kinematis
is based on the multipliative deomposition of the
deformation gradient into an elasti and a plasti part, f. Se. 4.1, and the marosopi
stress is given in terms of a homogenized network streth λˆec. As with the models above,
Anand and Ames (2006) model has been formulated for isothermal onditions below the
glass transition temperature. For thermodynamial onsiderations of the model, we refer
to Anand and Gurtin (2003), Anand and Ames (2006) and Srivastava et al. (2010).
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Let us rst onsider the stress σA in the leg A. Aording to (4.63), the Mandel stress in
the ase of isotropi elastiity an be onsidered as the elastially rotated Kirhho stress
σA = 1/J
eτA = 1/J
eReΣ¯AR
e,T
. The Mandel stress Σ¯A is dened analogously with (4.64)
in the intermediate onguration, i.e.
Σ¯A = 2µ(ln U¯
e
)dev + κ ln JeI¯. (4.141)
The stress σB in the leg B is obtained analogously with (4.108), i.e.
σB =
1
Je
µBbˆ
dev
:=
1
Je
µR
3λˆec
√
NL−1(
λˆec√
N
)bˆ
dev
,
λˆec =
1√
3
√
trace(bˆ) =
1√
3
√∑
α
(λˆα)2.
(4.142)
In (4.142), µR is a onstitutive parameter and bˆ := J
e−2/3b is the isohori part of the
Finger tensor b. To suppress the volume hange during the visous ow, the stress σB is
onsidered to be deviatori and the deviatori prinipal omponents are given by
σdevB,α =
1
Je
µR
3λˆec
√
NL−1(
λˆec√
N
)
(
(λˆα)
2 − (λˆec)2
)
. (4.143)
The total stress is the sum of the two omponents σ = σA + σ
dev
B . In ontrast to the
BPA model where the plasti spin is nonzero as a result of the imposed symmetry of F e,
Anand and Ames (2006) assumed that the plasti spin vanishes. As a result, the evolution
equation for the plasti deformation takes the form D¯
p
= F˙
p
F p−1. The rate of plasti
deformation D¯
p
is onstitutively desribed by the sum of the plasti strething in eah
N + 1 miromehanism
D¯
p
=
N∑
i=0
D¯
p
i =
N∑
i=0
γ˙pi N¯ i (4.144)
where γ˙pi ≥ 0, i = 0, ..., N , are dened below. The diretion of the plasti ow is given by
N¯ i :=
S˜
dev
i
2τi
, S˜
dev
i := Σ¯
dev
A − B¯devi , τi :=
√
1
2
S˜
dev
i : S˜
dev
i . (4.145)
It follows from (4.144) and (4.145) that the plasti deformation is volume onserving, i.e.
trace(D¯
p
) = 0 and det(F p) = 1. The bakstresses B¯i in (4.145) are given by
B¯i = µiA¯i (4.146)
where the internal variables A¯i evolve aording to
˙¯Ai = D¯
p
i A¯i + A¯iD¯
p
i .
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For a single mehanism,
˙¯Ai =
˙¯A = b˙
p
, i.e. A¯ = bp := F pF p,T . In (4.146), the bakstress
moduli µi, i = 0, ..., N , is hosen to evolve with the free volume ϕi = ϕ, i.e.
µ˙i := ci(1− µi
µi,s
)ϕ˙, µi(ϕ(0)) = µi,0 (4.147)
where ci, µi,s and µi,0 are positive material onstants dened for eah miromehanism. The
evolution equation for the free volume ϕ is dened below. Sine in the model µi,0 ≥ µi,s,
the bakstress moduli µi dereases to its saturation value µi,s as the free volume inreases.
In ontrast to the other presented models, where the Argon (1973) model is used to
desribe the magnitude of the plasti ow, Anand and Ames (2006) made use of a simple
power-law, i.e.
γ˙pi := γ˙
p
0(
τi
si + αp
)
1
mi , i = 0, ..., N (4.148)
where p = −1/3trace(σA) is the pressure and γ˙p0 > 0 is the referene shear strain rate
being equal for eah miromehanism. The strain rate sensitivity parameters mi > 0 of
the ith miromehanism result in the limit mi → 0 in the rate-independent plastiity. In
(4.148), α is the pressure-dependene fator, assumed to oinide in all miromehanisms.
The miromehanism represented by the Kelvin-voigt element with index i = 0 represents
the dominant maro-yield response. For the athermal shear strength s0 with initial value
s0,0 the evolution equation (4.77) is employed but its saturation value s0,ss is assumed to
depend on the free volume ϕ as
s0,ss := scv(1 + b(ϕcv − ϕ)) (4.149)
where b, ϕcv and scv are onstitutive parameters. The evolution equation for the free
volume ϕ is oupled to athermal strength s0 aording to
ϕ˙ = g0(
s0
scv
− 1)γ˙p0 , ϕ(0) = ϕ0 (4.150)
where g0 is a material parameter and the initial free volume ϕ0 ≤ ϕcv. Sine by (4.77) s0
dereases, a glane at (4.150) reveals that the free volume ϕ inreases until the saturation
value scv of s0 is reahed, i.e. ϕ = ϕcv in (4.149). The internal salar variables si assoiated
to the remaining miromehanisms are assumed to be onstants, i.e. si = si(0), i = 1, ..., N .
As a result, the material parameters (12+ 5(N +1) ps.) that are needed in the proposed
model for miro-indentation are
µ, κ, µR, N, γ˙
p
0 , α, h,mi, g0, scv, b, si,0, ϕcv, ϕ0, ci, µi,0, µi,s, i = 0, ..., N
where the rst seven parameters also appear in the BPA model. The kinematis and the
onstitutive equations of the model are summarized in Table 4.4.
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4.11 The Dupaix and Boye (2007) model
During inreasing temperature, the slip resistane begins to redue whih results in the
solid polymer transforming from a solid towards a melt. During the transformation, the
short-range motion of the hains dereases, and near the glass transition temperature the
polymer hains start to move by loal Brownian motion restrited by the neighboring
hains. In aordane with Brownian motion, the veloity of a hain is innite whih
represents an idealized approximation of the atual random physial motion having a nite
time sale. This motion of hains in the melt state is alled the long-range motion, or
reptation, and is desribed by the reptation theory (snakelike motion), f. Fried (2009).
Aording to reptation theory, the motion of a single hain is onned within a tube whih is
dened by the neighboring entanglement sites, f. Fig. 4.12. The dereasing temperature
through glass transition may result in rystallization and the reptation eases. Dupaix
and Boye (2007) proposed a model for amorphous glassy polymers whih aptures the
nite strain behavior under a wide range of strain rates and temperatures. This model,
however, does not take strain-indued rystallization during glass transition into aount.
• • • •
• •
• • • •
• •
a
Figure 4.12: Illustration of a virtual tube of ra-
dius a and motion of a single hain (thik line) a-
ording to the reptation model. The blak nodes
represent the neighboring entanglement sites.
In the Dupaix and Boye (2007) model, the
mehanial behavior of glassy polymers is
aused by two mehanisms: resistanes due
to (i) intermoleular interations and (ii)
strething and reorientation of the mole-
ular hain network. The rheologial repre-
sentation of the model is given in Fig. 4.13.
Resistane (i) is intended to apture the in-
terations between neighboring hain seg-
ments between physial entanglements. It
is the primary soure of the initial stiness,
and also results in the plasti ow whih is
modeled by the visoplasti dashpot, f. Fig. 4.13, element b). Resistane (ii) aets
stiening in the large strain regime and it also aptures moleular relaxation during glass
transition, f. Fig. 4.13, elements ) and d). The visous dashpot in resistane (ii) also
takes reptation at high temperatures into aount, f. Bergström and Boye (1998). Sine
the two resistanes work in parallel, the deformation gradients in both resistanes must be
equal to the total deformation gradient, i.e.
F = F (i) = F (ii). (4.151)
Moreover, the total stress is the sum of the stresses in the two parallel resistanes
σ = σ(i) + σ(ii). (4.152)
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Modeling of resistane (i)
Sine the multipliative deomposition for the two arms shown in Fig. 4.13 is employed,
it then follows from (4.151) that
F (i) = F
e
(i)F
p
(i). (4.153)
The kinematis of resistane (i) is desribed by (4.9)-(4.12) and (4.14)-(4.15). The elasti
onstitutive law is given by
σ(i) =
1
Je(i)
L
e : lnve(i) (4.154)
where lnve(i) is the Henky strain in resistane (i) and J
e
(i) = det(F
e
(i)).
σ
b) d)
a) )
σi σdevii
σ
(i) (ii)
Figure 4.13: Rheologial illustration of the Du-
paix and Boye (2007) model. The model on-
sists of two resistanes (i) and (ii). Resistane
(i) is governed by a) an elasti spring and b) a
visoplasti dashpot, and resistane (ii) by ) a
nonlinear spring and d) a visous dashpot.
The fourth order stiness tensor is given by
L
e := 2µI +
3κ− 2µ
3
i⊗ i
where the shear modulus µ is temperature-
dependent. The evolution of the plasti de-
formation is governed by
d
p
(i) = γ˙
pn(i) (4.155)
where γ˙p is assumed to be thermally ati-
vated aording to
γ˙p = γ˙0 exp
(−∆G
kT
(1− (τ(i)
s
))
)
. (4.156)
The athermal shear strength s is onsid-
ered as onstant or it an be replaed by
(4.76) whih takes pressure into aount.
The diretion of the plasti ow in resis-
tane (i) n(i) is assumed to be aligned with
the deviatori stress, i.e.
n(i) :=
σdev(i)√
2τ(i)
, τ(i) :=
√
1
2
σdev(i) : σ
dev
(i) . (4.157)
To make the plasti evolution law for resistane (i) omplete, the plasti spin ω
p
(i) is hosen
to vanish.
Modeling of resistane (ii)
As with resistane (i), the deformation gradient in resistane (ii) is multipliatively split,
i.e.
F (ii) = F
e
(ii)F
p
(ii). (4.158)
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The kinematis of resistane (ii) is given through (4.4), (4.9)-(4.12) and (4.14)-(4.15).
Aording to the Dupaix and Boye (2007) model, the bakstress used in the BPA model
is not able to reprodue the deformation behavior of PETG either at large strains or in a
melt state. As a remedy, Dupaix and Boye (2007) desribed the network streth in terms
of the prinipal elasti strethes λˆe(ii),α, α = 1, 2, 3 as
λˆe(ii) =
1√
3
√
trace(bˆ
e
(ii)) =
1√
3
√∑
α
(λˆe(ii),α)
2. (4.159)
In (4.159), bˆ
e
(ii) = Fˆ
e
(ii)Fˆ
e,T
(ii), Fˆ
e
(ii) = J
e−1/3
(ii) F
e
(ii) and J
e
(ii) := det(F
e
(ii)). The network stress
in resistane (ii) is taken to be analogous with (4.110), i.e. in terms of elasti strethes
λˆe(ii),α, α = 1, 2, 3, it is given by
σdev(ii),α =
1
Je(ii)
CR
3λˆe(ii)
√
NL−1(
λˆe(ii)√
N
)
(
(λˆe(ii),α)
2 − (λˆe(ii))2
)
.
(4.160)
The inverse Langevin funtion L
−1
results in the stress rising dramatially one λˆe(ii) reahes
the limiting streth,
√
N .
The rate of the moleular relaxation in resistane (ii) is analogously desribed with the
evolution of plasti deformation in resistane (i), i.e.
d
p
(ii) = γ˙
p
(ii)n(ii) (4.161)
where
n(ii) :=
σdev(ii)√
2τ(ii)
, τ(ii) :=
√
1
2
σdev(ii) : σ
dev
(ii). (4.162)
To omply with the plasti evolution laws, the plasti spin ω
p
(ii) in resistane (ii) is assumed
to vanish. The rate of moleular relaxation γ˙p(ii) is experimentally determined as a funtion
of visosity at dierent strain levels and temperatures, f. Dupaix and Boye (2007). Based
on the experiments, Dupaix and Boye (2007) determined the rate of the relaxation as a
funtion of τ(ii) as
γ˙p(ii) = C˜τ
1
n
(ii) (4.163)
where n is a positive parameter and C˜ is a miromehanially based variable whih inludes
the temperature dependene of the moleular relaxation and also takes the hain orientation
during deformation into aount. The hain motion is desribed by the hain reptation
where the hains slide through tube-like paths reated by the entangled hains around
them, f. Fig. 4.12. As has already been mentioned in preeding setions, the Argon (1973)
double-kink theory annot apture the deformation behavior through the glass transition
temperature. Dupaix and Boye (2007) onduted experiments on PETG whih indiated
that the alignment of the hains at the limiting streth is independent of strain rate,
4.11 The Dupaix and Boye (2007) model 55
temperature as well as deformation state. Motivated by this observation, they introdued
an orientation parameter φc whih governs γ˙
p
(ii). The reorientation and the elongation of
single hains in a representative volume element during deformation are expressed by the
orientation angle, f. Fig. 4.14. In the undeformed state, the angles between the prinipal
e1
e3
e2
φ0
√
3
2
a0
Figure 4.14: The idealized hain struture aording to the 8-hain model. The dimension of the
8-hain ube is a0 and φ0 denotes the initial orientation angle between a hain and the prinipal
axes. The unit vetors eα, α = 1, 2, 3, align with the prinipal diretions of b
e
.
axis and a hain are equal, i.e. φi = φ0 = 54.7
◦, i = 1, 2, 3 (0.955 rad). As deformation
proeeds, the angles are no longer equal and the orientation parameter φc is dened as
φc := π/2 − φmax, where φmax := max{φi, i = 1, 2, 3}. Aording to experiments, the
limiting streth of hains is reahed at a ommon value, φ¯max being independent of strain
rate and temperature. In aordane with Adams et al. (2000), Dupaix and Boye (2007)
proposed a model for moleular relaxation in terms of the orientation angle, i.e.
γ˙p(ii) =
( φ
φc
− 1)
(φR
φc
− 1)(Cφτ(ii))
1/n
(4.164)
where φR := π/2 − φ0 and φ is the urrent orientation angle. Based on single hain
geometry, cos(φ) = 1/
√
3λ2/λ¯ where λ2 is the seond prinipal streth of C and λ¯ was
given by (4.39). The parameter C inludes the temperature dependene of the moleular
relaxation aording to C = D exp(−Q/(Rθ)) where D and Q are material parameters and
R is the gas onstant, f. Dupaix and Boye (2007).
Temperature dependent material onstants
Sine the glass transition takes plae gradually, the glass transition temperature is not
well-dened. Dupaix and Boye (2007) dened the glass transition as being initialized at
the phase where a solid material starts rapidly soften to a rubbery-like state. The initial
elasti response is primarily governed by the elasti spring in resistane (i) whih is given
in terms of the bulk modulus κ and the temperature-dependent shear modulus µ. Based on
the dynami mehanial analysis (DMA) experiments, Dupaix and Boye (2007) proposed
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the following approximation for the shear modulus:
µ =
1
2
(
(µg + µr)− (µg − µr)
) · tanh( χ
∆θ
(θ − θg)
)
+Xg(θ − θg) (4.165)
where µg and µr are the shear modulus in the glassy and rubbery regions, respetively, and
∆θ represents the temperature interval in whih polymer transforms from the glassy phase
to the melt phase.
µ
θ
µg
µr
θg
χ
Xg
∆θ
Figure 4.15: The temperature dependene
of the shear modulus µ and an illustration
of the slope-parameters, Xg and χ. The
urve is based on the DMA-experiments on
PETG for uniaxial ompression, f. Dupaix
and Boye (2007).
In (4.165), the oeient Xg < 0 denotes
the slope of the µ − θ urve outside the glass
transition, whereas χ is the average slope of the
µ − θ urve in glass transition. The parame-
ter values are obtained using the tting to the
experimental µ − θ response. In Fig. 4.15, the
temperature dependene of the shear modulus is
presented, this being typial for high-moleular-
weight amorphous polymers, f. Fried (2009).
In the glass transition regime, the shear modulus
depends strongly on the strain rate. The depen-
dene of the strain rate ǫ˙ is taken into aount
by shifting the glass transition temperature as
θg = ξ log10(
√
3ǫ˙
γ˙ref
) + ζ + θ∗g (4.166)
where γ˙ref , ξ and ζ are material onstants and
θ∗g is the referene transition temperature. These parameters an be found by taking the
shifting θg into aount in the tting to the experimental µ − θ response. At slow strain
rates, θg = θ
∗
g , f. Dupaix and Boye (2007). For the sake of onveniene, the onstitutive
model proposed by Dupaix and Boye (2007) is summarized in Table 4.5.
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Table 4.1: Summary of the BPA model.
1. Kinematis: F = F eF p, bp := F pF p,T , be := F eF e,T , ve :=
√
be, Re is unity.
2. Stress: σ :=
1
Je
(2µ(ln ve)dev + κ ln Jei).
3. Miro-maro transition: λpec =
1√
3
√
trace(bp).
4. Flow rule: D¯
p
= γ˙pn, n :=
σ˜dev√
2τ
, σ˜dev := σdev − 1
Je
βdev, τ :=
√
1
2
σ˜dev : σ˜dev.
5. Bakstress: B¯
dev
=
CR
3λpec
√
NL−1(
λpec√
N
)(bp)dev push-forward → βdev
6. Isotropi hardening: γ˙p := γ˙0 exp
(−As
T
(1− ( τ
ss
)
5
6 )
)
, ss = s+ αp, p = −1
3
trace(σ),
s is given by (4.77) and s(0) = s0.
Table 4.2: Summary of the Wu and Van der Giessen (1993) model.
1. Kinematis: F = F eF p, Cp := F p,TF p, be := F eF e,T , ve :=
√
be, Re is unity.
2. Stress: σ :=
1
Je
(2µ(ln ve)dev + κ ln Jei).
3. Miro-maro transition: λ¯p =
√
m0 ·Cpm0 ∈ (0,
√
N) where
m01 = sin θ0 cosϕ0, m
0
2 = sin θ0 sinϕ0, m
0
3 = cos θ0.
4. Flow rule: D¯
p
= γ˙pn, n :=
σ˜dev√
2τ
, σ˜dev := σdev − 1
Je
βdev, τ :=
√
1
2
σ˜dev : σ˜dev.
5. Bakstress: B¯
dev
=
CR
√
N
4π
(
∫
A¯
L
−1(
λ¯p√
N
)(λ¯p)4(m¯⊗ m¯)devdA¯) where m¯ = λ¯p−1F pm0
push-forward → βdev.
6. Isotropi hardening: γ˙p := γ˙0 exp
(−As
T
(1− ( τ
ss
)
5
6 )
)
, ss = s+ αp, p = −1
3
trace(σ),
s is given by (4.77) and s(0) = s0.
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Table 4.3: Summary of the Miehe et al. (2009) model.
1. Kinematis: ǫe := ǫ− ǫp, Gp := exp(2ǫp).
2. Stress: τ := 2µ(ǫe)dev + κ trace(ǫe)I.
3. Miro-maro transition: 〈λ¯p〉m =
( 1
A
∫
A
(λ¯p)mdA
) 1
m , m > 0, where
λ¯p =
√
m0 ·Gpm0 ∈ (0,
√
N), m01 = sin θ0 cosϕ0, m
0
2 = sin θ0 sinϕ0, m
0
3 = cos θ0.
4. Flow rule: ǫ˙p = γ˙pn, n :=
τ˜ dev√
2τ
, τ˜ dev := τ dev − βdev, τ :=
√
1
2
τ˜ dev : τ˜ dev.
5. Bakstress: βdev = CR
√
N〈λ¯p〉1−mm L−1(
〈λ¯p〉m√
N
)sym
(
〈(λ¯p)m−2m0 ⊗m0〉 : ∂G
p
∂ǫp
)dev
.
6. Isotropi hardening: γ˙p := γ˙0 exp
(−As
T
(1− ( τ
ss
)
5
6 )
)
, ss = s+ αp,
p = −1
3
trace(
1
Je
τ ), s by (4.77) and s(0) = s0.
Table 4.4: Summary of the Anand and Ames (2006) model.
1. Kinematis: F = F eF p, bˆ = J−2/3b, C¯
e
:= F e,TF e, U¯
e
=
√
C¯
e
, Re = F eU¯
e−1
.
2. Stresses: Σ¯A = 2µ(ln U¯
e
)dev + κ ln JeI¯, σA =
1
Je
ReΣ¯AR
e,T ,
σdevB =
1
Je
µR
3λˆec
√
NL−1(
λˆec√
N
)bˆ
dev
and σ = σA + σ
dev
B .
2. Miro-maro transition: λˆec =
1√
3
√
trace(bˆ).
Miromehanisms: i = 0, ..., N :
3. Flow rule: D¯
p
=
N∑
i=0
γ˙pi N¯ i, W¯
p
= 0, N¯ i :=
S˜
dev
i
2τi
, S˜
dev
i := Σ¯
dev
A − B¯devi and
τi :=
√
1
2
S˜
dev
i : S˜
dev
i .
4. Internal kinematial variables: ˙¯Ai = D¯
p
i A¯i + A¯iD¯
p
i .
5. Bakstresses: B¯i = µiA¯i, µ˙i := ci(1− µi
µi,s
)ϕ˙, µi(ϕ(0)) = µi,0 > µi,s.
6. Isotropi hardening: γ˙pi := γ˙
p
0(
τi
si + αp
)
1
mi , p = −1
3
trace(σA), si(0) = si,0, s0 by (4.77)
in whih s0,ss := scv(1 + b(ϕcv − ϕ)) and ϕ˙ = g0( s0
scv
− 1)γ˙p0 , ϕ(0) = ϕ0 < ϕcv.
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Table 4.5: Summary of the Dupaix and Boye (2007) model.
1. Kinematis: F = F (i) = F (ii), F (i) = F
e
(i)F
p
(i), F (ii) = F
e
(ii)F
p
(ii), b
e
(i) := F
e
(i)F
e,T
(i) ,
ve(i) =
√
be(i), b
e
(ii) := F
e
(ii)F
e,T
(ii), bˆ
e
(ii) = J
−2/3be(ii).
2. Stresses: σ(i) =
1
Je(i)
(2µ(ln ve(i))
dev + κ ln Je(i)i) where µ = µ(θ) by (4.165),
σdev(ii) =
1
Je(ii)
CR
3λˆe(ii)
√
NL−1(
λˆe(ii)√
N
)(bˆ
e
(ii))
dev, σ = σ(i) + σ
dev
(ii)
3. Miro-maro transition: λ¯e(ii) =
1√
3
√
trace(bˆ
e
ii).
4. Flow rules: dp(i) = γ˙
p
(i)n(i), ω
p
(i) = 0, n(i) :=
σdev(i)√
2τ(i)
, τ(i) :=
√
1
2
σdev(i) : σ
dev
(i) ,
d
p
(ii) = γ˙
p
(ii)n(ii), ω
p
(ii) = 0, n(ii) :=
σdev(ii)√
2τ(ii)
, τ(ii) :=
√
1
2
σdev(ii) : σ
dev
(ii) .
5. Isotropi hardening: γ˙p(i) = γ˙0 exp
(−∆G
kT
(1− (τ(i)
s
))
)
where s = const. or it is replaed by ss, f. (4.76).
6. Moleular relaxation: γ˙p(ii) =
( φφc − 1)
(φRφc − 1)
(Cφτ(ii))
1/n, f. (4.164).
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5 Preditive apability of state-of-the-art models
In this hapter, the apability of the presented models will be evaluated and ompared to
experimental results available for homogeneous deformation involving various deformation
modes, deformation rates and a wide range of temperatures. The models are alibrated to
the experimental data for homogeneous deformation using least-square tting based on the
Nelder-Mead simplex algorithm. The homogeneous deformation modes allow the numerial
integration to be performed using an ODE-solver instead of solving entire boundary value
problem. The integration of the onstitutive equations is performed by a Runge-Kutta
integration sheme, the details of the Runge-Kutta-based method employed an be found
in Shampine et al. (1999).
5.1 The BPA model - monotoni loading
Let us rst onsider uniaxial and plane strain ompression modes. Arruda and Boye
(1990a) onduted monotoni ompression experiments on PC at room temperature. To
investigate the rate dependene, the tests were performed at several strain rates. Here, the
two onstant strain rates ǫ˙ = 0.001 s−1 and ǫ˙ = 0.01 s−1 will be onsidered. The simulations
are performed using the material parameters taken from Wu and Van der Giessen (1993)
as well as using the parameters alibrated herein. In the alibration, both the uniaxial
and the plane strain ompression responses, as well as both strain rates, were taken into
onsideration. The parameters obtained from the alibrations are listed in Table 5.1.
The simulations and the experimental responses are shown in Figs. 5.1-5.2. The model
preditions t well to the experimental data for both ompression modes and strain rates
ǫ˙ = 0.001 s−1 and ǫ˙ = 0.01 s−1. However, the yield peak as well as the initial strain softening
are not aurately aptured by the model. Aording to Hasan and Boye (1995), these
shortomings are due to the linear elasti onstitutive assumption. A omparison of Figs.
5.1 and 5.2 reveals that an inrease of ǫ˙ results in the yield stress inreasing. Moreover,
the yield stress is lower in uniaxial ompression than in plane strain ompression, whih
is assumed to be aused by the pressure dependene of the yield stress, f. Arruda and
Boye (1993a).
Table 5.1: Constitutive parameters of the BPA model for PC are taken from Wu and Van der
Giessen (1993) based on the experiments by Arruda and Boye (1990a). The alibrations are
based on the experimental data for PC and BPA-PC given in Arruda and Boye (1990a) and
Dreistadt et al. (2009), respetively.
E ν s0 sss h γ˙0 A C
R N α
MPa MPa MPa MPa s−1 MPa−1K MPa
PC Wu and van der Giessen 2300 0.30 97 76.6 500 2.0 · 1015 240 12.8 2.15 0.08
Calibrated parameters
PC, ǫ˙ = (1 and 10) · 10−3 s−1 2348 0.30 85.9 75.9 458 6.39 · 107 140 10.6 2.19 0.12
BPA-PC 2300 0.37 99 73 370 2.0 · 1015 241 14 1.85 0.08
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Figure 5.1: Comparison of a) uniaxial and b) plane strain ompression responses for PC between
the experiments and the BPA model. The tests were performed by Arruda and Boye (1990a)
at onstant true strain rate ǫ˙ = 0.001 s−1 at room temperature. Simulations are performed using
both the alibrated parameters and the parameters taken from Wu and Van der Giessen (1993),
f. Table 5.1. Both uni- and biaxial deformation states and the two strain rates ǫ˙ = 0.001 s−1 and
ǫ˙ = 0.01 s−1 were taken into aount in the alibration. Mixed isotropi hardening and softening
results in the stress, σ˜, whereas anisotropi strain hardening results in the bakstress, β.
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Figure 5.2: Comparison of a) uniaxial and b) plane strain ompression responses for PC between
the experiments and the BPA model. The tests were performed by Arruda and Boye (1990a) at
onstant true strain rate ǫ˙ = 0.01 s−1 at room temperature. Simulations are performed using both
the the alibrated parameters and the parameters taken from Wu and Van der Giessen (1993), f.
Table 5.1. Both uni- and biaxial deformation states and the two strain rates ǫ˙ = 0.001 s−1 and
ǫ˙ = 0.01 s−1 are taken into aount in the alibration.
The following strain hardening is relatively well aptured by the model in both ompression
modes. The hardening in plane strain ompression inreases more rapidly than in uniaxial
ompression. The deformation state dependene in hardening an be explained by the
dierent hain orientation. It an be onluded that the BPA model is able to apture
the deformation state dependene as well as the strain rate dependene during monotoni
loading.
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5.2 Non-monotoni loading
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Figure 5.3: Comparison of simulated and ex-
perimental uniaxial ompression responses for
bisphenol A polyarbonate. After unloading the
speimen is kept unstressed 400 days. The test
has been performed by Dreistadt et al. (2009) at
onstant true strain rate ǫ˙ = 0.001 s−1 at room
temperature.
Next, the BPA model is evaluated under
non-monotoni loading. Dreistadt et al.
(2009) onduted uniaxial experiments on
bisphenol A polyarbonate (BPA-PC) for
omplex load histories and a wide range
of time spans. In ontrast to the experi-
ments by Arruda and Boye (1990a), the
aim of these experiments was to investigate
the deformation behavior of PBA-PC dur-
ing long-term non-monotoni loading. In
the experiments, a onstant true strain rate
ǫ˙ = 0.001 s−1 was employed and the spei-
men was strethed up to 0.75 whih is well
below the limiting streth, λL. In the sim-
ulations, the BPA model is employed using
elasti onstitutive parameters E = 2300
MPa and ν = 0.37 and the rest of the model
parameters were alibrated to the exper-
imental data for monotoni loading taken
from Dreistadt et al. (2009). The material
parameters are listed in Table 5.1. In the rst experiment, the loading phase is followed
by unloading, during whih the resulting fore is linearly removed. The speimen was then
kept unstressed for 400 days. The simulated and the experimental response are presented
in Fig. 5.3.
As with the previous examples, the BPA model aptures the monotoni loading au-
rately. At the beginning of unloading, however, the experimental response shows inreasing
strain whereas the model results in almost linear response. Later in the unloading phase,
the model shows a reversed plastiity whih is initialized at σ = 45 MPa. In ontrast to
the model preditions, the experimental response shows a smooth transition. At the end
of unloading, a premature Bauhinger eet is observed in the model response and the
predited true strain at zero stress is approximately 0.40. After the dwell period of 400
days the experiments indiates a permanent strain of 0.62, whereas the model predits one
magnitude lower value, 0.062. It an be onluded that the model is inapable of prediting
unloading and reovery. Hasan and Boye (1995) and Anand and Ames (2006) pointed out
that aurate modeling of the visoelasti behavior early in the loading phase is essential
to predit the subsequent nonlinear unloading as well as a reep response. However, the
Arruda and Boye (1991) model is based on the linear elasti onstitutive desription.
Next, the uniaxial ompression responses for repeated unloadings are simulated. Fol-
lowing Dreistadt et al. (2009), unloadings are performed at ve progressively inreasing
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strain levels: ǫ = 0.05, 0.13, 0.27, 0.45 and 0.59. After eah unloading, the nominal stress
is kept xed during a presribed dwell period. To examine reep and reovery, two dierent
stress levels π = 59MPa and π = 1.2 MPa and a relatively long dwell period of 12,000 s are
onsidered. After eah dwell period, the reloadings are performed until the next unloading
level is reahed. The nal unloading is performed to zero stress.
Let us rst onsider the dwell stress π = 59MPa. The model predits exaggerated reep
during the rst two dwell periods and the predited strain at the end of the seond dwell
period is lose to the unloading strain value of the third yle, f. Fig. 5.4(a). In ontrast
to the model preditions, the experimental response shows onsiderably less reep during
the rst two dwell periods. Moreover, the stress peak during reloading is not aptured
by the model whih tends diretly bak to the monotoni loading path. Similar to the
single unloading, premature Bauhinger eet is observed during the last unloading and
onsequently the true strain beomes strongly underestimated at the end of this unloading
phase.
A omparison of Figs. 5.4(a) and 5.4(b) reveals that reep is replaed by reovery when
the dwell stress dereases from π = 59 MPa to π = 1.2 MPa. The rst yle is nearly
elasti whereas inreasing reovery is observed in the subsequent yles. As shown in Fig.
5.4(b), the BPA model strongly underestimates reovery during the seond and the third
yles, whereas reovery during the fourth yle is highly overestimated.
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Figure 5.4: Uniaxial ompression responses of BPA-PC. The repeated unloadings are performed
to a) π = 59 MPa and b) π = 1.2 MPa and then the nominal stress π is kept xed for 12000 s.
The last unloading is performed to zero stress. The experiments are performed by Dreistadt et al.
(2009) at room temperature and at a onstant strain rate, ǫ˙ = 0.001 s−1.
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5.3 The Anand and Ames (2006) model
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Figure 5.5: Comparison of the Anand and Ames
(2006) model and the experimental responses for
PMMA in uniaxial ompression at onstant true
strain rates ǫ˙ = 0.0003 s−1 and = 0.003 s−1. The
alibration was performed to experimental data
taken from Anand and Ames (2006). In alibra-
tion, both strain rates are taken into aount.
In addition to the miro-indentation ex-
periments on PMMA, Anand and Ames
(2006) onduted uniaxial ompression ex-
periments in the maro-sale involving
monotoni loading followed by unloading
to zero stress. In their experiments, the
two onstant strain rates ǫ˙ = 0.0003 s−1
and ǫ˙ = 0.003 s−1 were employed. The test
speimens were annealed at the glass tran-
sition temperature 105 ◦C for 2 h and then
furnae-ooled to room temperature over 15
h to avoid the formation of loosely pakaged
regions (free volume) in the material. Based
on the Anand and Ames (2006) model us-
ing four miromehanisms, i = 0, 1, 2, 3,
the material parameters were alibrated to
this data taking both strain rates into a-
ount. In the alibration, the elasti mod-
ulus E = 4200 MPa, the Poisson's ratio
ν = 0.34 and the pressure-dependene parameter α = 0.204 were kept xed. The alibra-
tion resulted in µR = 22 MPa, N = 2.52, scv = 32.5 MPa, c1 = 4.2 TPa and m0 = 0.085,
whereas the other parameters are taken from Anand and Ames (2006). In their alibration,
only a single strain rate ǫ˙ = 0.0003 s−1 was employed. The alibrated parameters are listed
in Table 5.2.
A omparison of the simulations to the experiments shows that the proposed model
aptures not only the monotoni loading, but also the transient eets during initial yielding
and initial unloading, f. Fig. 5.5. The strain at the end of unloading, however, is
underestimated. A omparison of the experimental and model responses at dierent strain
rates indiates that the model is able to apture the strain rate dependeny relatively well.
Table 5.2: Calibrated onstitutive parameters of the Anand and Ames (2006) model for PMMA.
The alibration was performed to the experimental data for the two strain rates ǫ˙ = 0.0003 s−1
and ǫ˙ = 0.003 s−1. The experimental data is taken from Anand and Ames (2006).
m0 mi g0 E h γ˙0 b µ
R N ϕcv ϕ0 µ0,0 µi,0
MPa MPa s−1 MPa MPa MPa
0.085 0.19 0.009 4200 4500 5 · 10−4 825 22 2.52 0.001 0 0 3500
s0,0 s1,0 s2,0 s3,0 ssv µ0,s µ1,s µ2,s µ3,s c0 c1 c2 c3
MPa MPa MPa MPa MPa MPa MPa MPa MPa TPa TPa TPa TPa
35 13 23 33 32.5 0 1100 400 200 5.0 4.2 1.8 1.3
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5.4 Simulation of the glass transition - the Dupaix and Boye
(2007) model
The Dupaix and Boye (2007) model is applied to polyethyle terephthalate-glyol (PETG)
and the apability is evaluated over a broad range of temperatures. Sine PETG does not
undergo strain-indued rystallization near the glass transition temperature, the Dupaix
and Boye (2007) model an be used in the simulations. In ontrast to (4.156), the evolution
of the plasti deformation in resistane (i) is based on the Argon (1973) model via (4.75) and
the isotropi hardening is modeled aording to (4.77). The temperature dependene of the
moleular relaxation γ˙p(ii) in (4.164) is governed by the parameters D ≈ 2.46 MPa−1s−n,
Q/R ≈ 10200 K and n ≈ 0.15. The values of the parameters have been obtained by
least-square tting to the experimentally observed visosity-shear strain rate response at
dierent values of the orientation parameter φc, f. Dupaix and Boye (2007). Moreover,
the uniaxial ompression tests on PETG indiated that the limiting streth is reahed by
the onstant maximum angle φmax ≈ 1.52 between the prinipal axis and the individual
hains and thus φc ≈ 0.05. The parameters γ˙ref = 0.00173 s−1, ξ = 3 K, ζ = 8.23 K
and the referene transition temperature θ∗g = 346 K have been derived by tting the
µ − θ response to the DMA experiments at various strain rates. The rest of the material
parameters employed in the simulations were obtained using the least-square tting to the
experimental uniaxial stress-strain urves at 333 K and at the two onstant strain rates
ǫ˙ = 0.01 s−1 and ǫ˙ = 0.5 s−1. The experimental data is taken from Dupaix and Boye
(2007). During alibration, both the strain rates were taken into aount. The alibrated
parameters are listed in Table 5.3.
In Fig. 5.6, the model and the experimental stress-strain urves are ompared at three
dierent temperatures: a) at room temperature, b) at alibration temperature 333 K and )
in the glass transition temperature, 350 K. As both the strain rates are taken into aount
in alibration, it follows that the model aptures the experimental responses on average:
at ǫ˙ = 0.01 s−1 the model underestimates the stress response, whereas the experimental
response at ǫ˙ = 0.5 s−1 is more or less below the model results. It an be onluded
that the Dupaix and Boye (2007) model is able to apture the mehanial behavior of
PETG relatively well over a wide range of temperatures. During the glass transition, the
free volume in amorphous polymers as well as the stiness and the yield stress derease
simultaneously with inreasing pressure. As a result, the value of the pressure dependene
fator α in (4.76) should be manipulated so that the initial isotropi hardening and post-
yield softening derease, f. Kameda et al. (2007). This feature as well as redued free
Table 5.3: Constitutive parameters employed in the simulations for PETG. The alibrations were
performed for uniaxial test data taken from Dupaix and Boye (2007). In the alibration, both
strain rates ǫ˙ = 0.5 s−1 and ǫ˙ = 0.01 s−1 were taken into aount. The average slope fator
Xg = 5.0 MPa K
−1
and s0 = 0.15µ.
κ sss/s0 µr µg h γ˙0 A C
R N α ∆θ/χ
MPa MPa MPa MPa s−1 MPa−1K MPa K
1248 0.80 15.68 453 700 2.73 · 107 147 8.59 4.57 0.10 31.8
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Figure 5.6: Comparison of the model and experimental responses for PETG in uniaxial ompres-
sion at 293K, 333K, and 350K. The tests have been performed by Dupaix and Boye (2005)
employing onstant true strain rates, a) ǫ˙ = 0.01 s−1 and b) ǫ˙ = 0.5 s−1. The material parameters
are alibrated for both strain rates, and they are given in Table 5.3.
volume, however, are negleted in the model under onsideration whih partially explains
the overpredition of the yield stress around the glass transition temperature. Moreover,
the Dupaix and Boye (2007) model does not inlude the eets of aging whih also redues
the temperature sensitivity of the yield stress near the glass transition temperature, f.
Hasan et al. (1993).
5.5 Comparison of the models
Next, the apability of the models are ompared under non-monotoni loading. The models
were alibrated to the experimental data for BPA-PC, f. Se. 5.2. The ommon param-
eters of the models are given in Table 5.4. In addition, the parameters s1,0 = 4.0 MPa,
s2,0 = 9.0 MPa, s3,0 = 28 MPa and ssv = 17.5 MPa in the Anand and Ames (2006) model
are realibrated. The rest of the parameters are equal to those listed in Tables 5.2 and 5.3
for the Anand and Ames (2006) and the Dupaix and Boye (2007) models, respetively.
Table 5.4: Calibrated ommon parameters of the models for BPA-PC. In addition, the alibrated
parameters s1,0 = 4.0 MPa, s2,0 = 9.0 MPa, s3,0 = 28 MPa and ssv = 17.5 MPa are used in the
Anand and Ames (2006) model. The rest of the parameters are equal to those listed in Tables 5.2
and 5.3 for the Anand and Ames (2006) and the Dupaix and Boye (2007) models, respetively.
The experimental data for BPA-PC employed in the alibrations is given in Dreistadt et al. (2009).
E ν s0 sss h γ˙0 A C
R N α
MPa MPa MPa MPa s−1 MPa−1K MPa
BPA model 2300 0.37 99 73 370 2.0 · 1015 241 14 1.85 0.08
A&A model 2300 0.37 35 4500 5.0 · 10−4 19 2.00 0.20
D&B model 2230 0.38 94 72 370 2.0 · 1015 241 14 1.78 0.08
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Figure 5.7: a) Comparison of the model responses for BPA-PC under uniaxial ompression. The
test has been performed by Dreistadt et al. (2009) at onstant true strain rate ǫ˙ = 0.001 s−1 at
room temperature. b) The Dupaix and Boye (2007) model response for BPA-PC. The repeated
unloadings are performed to π = 1.2 MPa and then the nominal stress π is kept xed for 1200 s.
The last unloading is performed to zero stress.
The model and the experimental response are presented in Fig. 5.7(a). During mono-
toni loading up to the strain limit of 0.75, the models aurately apture the experimental
response and no signiant dierenes between the responses an be observed. In the ini-
tial unloading, the models annot predit the inreasing strain but result in almost linear
response. The dierenes between the models beome apparent later during the unloading
phase. Similar to the BPA model response, the Anand and Ames (2006) model annot
aurately reprodue the transient eet of the PBA-PC response, but yields a premature
Bauhinger eet and as a result the strain ǫ ≈ 0.46 at the end of unloading is underes-
timated. A omparison of the model responses reveals that the Dupaix and Boye (2007)
model is able to satisfatorily predit the experimental data, the strain at the end of un-
loading is ǫ ≈ 0.59.
In addition to the monotoni loading, the models are also evaluated for repeated un-
loadings. Sine the Dupaix and Boye (2007) model is aimed at modeling the mehanial
behavior lose to the glass transition temperature, the bakstress is not inluded in the
model. It then follows that the Bauhinger-like eets via the bakstress annot be repro-
dued by that model. As shown in Fig. 5.7(b), the Dupaix and Boye (2007) model annot
reprodue reovery and simulations also result in vanishing reep.
Let us then onsider the Anand and Ames (2006) model for the dwell stress level π = 59
MPa and the dwell period 1200 s. Similar to the BPA model, the Anand and Ames (2006)
model is aurate for monotoni loading but it fails during reep, i.e. the strain at the end
of the rst yle is signiantly overpredited and the model annot reprodue the stress
peaks followed by reloadings, f. Fig. 5.8(a). However, reep during the following yles is
satisfatorily aptured and the Bauhinger eet does not evolve during the dwell period
of 1200 s. In ontrast to the BPA model, the Anand and Ames (2006) model is also able to
reprodue reovery during the rst yles, f. Fig. 5.8(b). Moreover, omparison of Figs.
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5.8(b) and 5.9(b) reveals that reovery during the yles as well as the Bauhinger eet
during the last unloading are more aurately estimated by the Anand and Ames (2006)
model than by the BPA model.
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Figure 5.8: The Anand and Ames (2006) model responses for BPA-PC at room temperature and
at a onstant strain rate, ǫ˙ = 0.001 s−1. The repeated unloadings are performed to a) π = 59 MPa
and b) π = 1.2 MPa and then the nominal stress π is kept xed for 1200 s. The last unloading is
performed to zero stress. Uniaxial ompression data is taken from Dreistadt et al. (2009).
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Figure 5.9: The BPA model responses for BPA-PC at room temperature and at a onstant strain
rate, ǫ˙ = 0.001 s−1. The repeated unloadings are performed to a) π = 59 MPa and b) π = 1.2
MPa and then the stress π is kept xed for 1200 s. The last unloading is performed to zero stress.
Uniaxial ompression data is taken from Dreistadt et al. (2009).
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6.1 Model desription
A omparison of the model and the experimental responses reveals the following shortom-
ings in the present models:
- The models predit a premature Bauhinger eet.
- The long-term reovery is highly overpredited by the models.
- The models are not able to apture a nonlinear response during initial loading, un-
loading and reloading.
To ompensate for the shortomings of the models, an extension for the BPA model is
proposed in this work. State-of-the-art (entropi network) models postulate that the bak-
stress favors strain redution but that relaxation is too slow to observe during unloading
and may lead to exessive strain relaxation during long-term dwell, f. Haward and Thak-
ray (1968) and Arruda and Boye (1993a). In thermodynami terms, the hains, whih
are extended and then released, tend to the most probable, unstrethed and high-entropy
state. The present models, however, are not able to trae this state orretly. Motivated
by these ndings, two dashpots in parallel with the nonlinear Langevin spring are used
in the Extended BPA (EBPA) model to apture isotropi hardening behavior in the ma-
terial. The purpose of the extra dashpot is to inrease the isotropi hardening eet and
thereby suppress the inuene of kinemati hardening. A rheologial illustration of the
EBPA model is shown in Fig. 6.1. The original and extra dashpot are modeled by the
internal state variables s1 and s2, respetively, i.e.
s = s1 + s2. (6.1)
The evolution laws for the isotropi hardening variables s1 and s2 are taken as
s˙1 = h1(1− s1/sss)γ˙p, s1(0) = s0,
s˙2 = h2(1−H(s2 − s¯2))γ˙p, s2(0) = 0
(6.2)
where γ˙p was introdued in (4.75), sss is a onstitutive parameter and H is the Heaviside-
funtion whih prevents an exessive hardening e.g. during yli loading. The threshold s¯2
an be found experimentally. To take the pressure into aount, the internal state variable
s in (4.75) is replaed by ss whih was given by (4.76). Here, h1 and h2 are onstitutive
parameters governing the isotropi softening and hardening. A glane at (4.75) and (6.2)2
reveals that s˙2 is positive and thus, s2 is monotonially inreasing. Sine s2 > 0 the amount
of isotropi hardening inreases ompared to the original BPA model whih, thanks to the
model alibration, suppresses the evolution of the bakstress in the EBPA model. Having
a less pronouned evolution of the bakstress is of major importane during relaxation
simulations at a low-stress level, where the plasti evolution is partiularly governed by
the internal stress state, i.e. by the bakstress. Hoy and Robbins (2007) showed that
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Figure 6.1: Rheologial illustration of the EBPA model. The model is governed by the elements:
two elasti springs a) and b), a visoelasti dashpot ), two visoplasti dashpots d) and a nonlinear
Langevin spring e).
the network of entangled hains has ability to prevent hains from deorienting without
reovery of the marosopi strain. Sine this eet is redued in the EBPA model results,
isotropi hardening mehanism may be related to this mirostrutural harateristi of
polymer glasses.
Visoelastiity
Sine the initial response of amorphous glassy polymers an be onsidered nearly elasti,
most of the models are based on a linear elasti onstitutive assumption. However, suh
models are not able to satisfatorily reprodue transient eets during non-monotoni
loading, whih shortomings are primarily a onsequene of negleted visoelasti eets,
f. Hasan and Boye (1995). The inuene of visoelastiity beomes also apparent in
reep and relaxation as well as in yli loading proesses, f. Miehe and Kek (2000).
The time-dependent behavior is a one onsequene of the maromoleular haraters of
the moleules: the moleules need a relaxation time to attain the equilibrium state after
deformation. Based on the experiments on amorphous polymers the following typial
visoelasti harateristis an be observed:
- Under a onstant stress, the strain inreases (reep) or dereases (reovery) over time,
f. Figs. 2.5 and 5.4.
- Under a onstant strain, the stress dereases over time (relaxation), f. Fig. 6.2.
- The eetive stiness as well as the magnitude of the stress response depend on the
applied loading rate, f. Figs. 2.1 and 2.4.
- Hysteresis during a loading yle is observed already in small strains, f. Fig. 2.4.
There are two ways to desribe visoelasti material behavior: linear and nonlinear vis-
oelastiity. For an overview of visoelasti theory, see e.g. Findley et al. (1989). The
underlying assumption of linear visoelastiity is the Boltzmann superposition priniple
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whih states that load or deformation responses applied to a material at dierent times are
linearly additive, i.e. the stress is separable in both load and reep response aording to
σ(t) = Erǫ(t) +
∫ t
0
F (t− t′)ǫ˙(t′)dt′, or ǫ(t) = σ(t)
Ec
+
∫ t
0
K(t− t′)σ˙(t′)dt′. (6.3)
In (6.3), Er and Ec are the elasti moduli for relaxation and reep, respetively, and F
and K denote the relaxation and reep funtion, respetively. Nonlinear visoelastiity
is when the stress annot be separated. Aording to (6.3), the stress depends on the
entire deformation history or onversely, the strain depends on the entire stress history. In
ontrast to the integral formulation, a multipliity of visoelasti models rely on dierential
formulations, whih allow use of spring dashpot analogies.
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Figure 6.2: Inuene of the relaxation time on
the stress vs strain response of PVC. The test
speimen was subjeted to relaxation for periods
of 10 s, 20 s, 30 s, 40 s and 60 s. Experimental
data is taken from G'Sell and Jonas (1981).
Many of the nonlinear visoelasti mod-
els for amorphous polymers are based on
the Langevin statisti employed for rub-
ber elastiity, f. e.g. Wu and Van der
Giessen (1993), Zhang and Huang (2004)
and Anand and Ames (2006). Klom-
pen et al. (2005) proposed a nonlinear
visoelasti-plasti model whih also takes
the physial aging into aount. This model
is shown to aurately apture the yield
stress and the mehanial response during
monotoni loading. However, the hara-
terization of aging kinetis needs several
material parameters to be determined.
Examples of linear visoelasti models
are the Zener (1948) model, whih onsists
of an elasti spring in parallel with a Maxwell element and the Burger's model, whih
onsists of an elasti spring and a damper arranged in series with the Kelvin element.
These simple models are later employed instead of generalized Kelvin and Maxwell models
(Prony-series) to avoid the identiation of a large number of material parameters. In order
to desribe hysteresis of lled rubbers, Huber and Tsakmakis (2000) proposed a modied
Zener model whih was later used by Amin et al. (2002) to predit the rate-dependent
behavior of high damping natural rubbers. Bergström and Boye (1998) proposed a rate-
dependent model in whih two networks are used to desribe the mehanial behavior of
rubber; one network aptures the elasti behavior, whereas a Maxwell element is used to
predit the visoelasti behavior. The Bergström and Boye (1998) model was later ex-
tended to the modeling of mehanial behavior of lled polymers in high strain rates, f.
Quintavalla and Johnson (2004). In ontrast to the nonlinear visoelasti models, many
of the linear visoelasti models an satisfatorily be applied to model pratial behavior
of glassy polymers in only small strains and strain rates, f. Ward (1983) and Amin et al.
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(2002). Cao et al. (2012) proposed a linear visoelasti model onsisting of a spring and
a Maxwell element for modeling the rate-dependent deformation behavior of glassy poly-
mers prior to yielding. To aount for nonlinear deformation behavior in large strains,
the models whih inlude both visoelasti and visoplasti ingredients need to be ap-
plied, f. Chabohe (2008). Among suh models, Khan and Zhang (2001) and Khan et al.
(2006) proposed a nonlinear visoelasti-plasti model whih is able to apture the defor-
mation behavior of PTFE and Adiprene-L100 polymer, respetively. Based on the modied
visoelastiity-plastiity theory with overstress (VBO), Cola and Dusuneli (2006) mod-
eled mehanial behavior of high density polyethylene (HDPE) under uniaxial monotoni
and yli loading. Hasanpour and Ziaei-Rad (2008) presented a model based on the as-
sumption that stress an be deomposed into visoelasti and elasti-plasti omponent.
However, the apability of the models mentioned above is addressed only in a restrited set
of loading situations and many of them deal with a numerial approah where an appliable
hypoelasti stress equation must be applied in are.
To better apture a large strain mehanial response during unloading and reloading,
the EBPA model needs to be further modied. In this extension, the elasti spring in the
BPA model is replaed by a simple Kelvin hain involving a visoelasti dashpot and an
elasti intermediate spring (Kelvin-Voigt element) in series with an elasti spring, f. Fig.
6.1. The Kelvin-Voigt element is employed for prediting reep and reovery, while its
ombination with the elasti spring is aimed at desribing the stress relaxation. Moreover,
the visoelasti onstitutive desription allows the rate-dependent stress response to be
aptured by the EBPA model.
The idea to replae a single elasti spring by a Kelvin hain is motivated by the on-
stitutive models for polymers, able to apture the initial visoelasti response prior to the
marosopi yielding. Sine the Kelvin model alone is not able to desribe the magnitude
of reep and reovery in glassy polymers orretly, a spring needs to be added in series
in order to take non-reoverable portion of strain into onsideration. Albeit the two dis-
tint Kelvin-like elements present in the EBPA model are widely applied in modeling of
the elasti and plasti deformation, respetively, their ombination has not been employed
by author's knowledge. For high stresses and strain rates, the visoelasti dashpot resists
elongation of the parallel spring, whereas the eet of the dashpot beomes negligible in
low stress and strain rate levels. As a result, the dashpot dominates deformation behav-
ior in high strain rates prior to yielding and results in an inreased eetive stiness, i.e.
the stress being inreased and the strain dereased. For low strain rates and longer time
periods, the eet of the visoelasti dashpot is attenuated and the intermediate spring
ontributes to the total strain in the system.
In terms of mirostrutural harateristis, the entanglements onneted to strongly
extended hains slip past one another during yield, while oiled neighboring hains result
in an inrease in the number of hain segments between entanglements, f. Fig. 7.7.
This mehanism is attributed to the disentanglement proess and it results in visosity
being inreased, f. Khan and Zhang (2001) and Hoy and Robbins (2007). If a high
strain rate in relation to the relaxation time of the material is applied, the moleules have
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not enough time to relax and reah their equilibrium. Aording to Bardenhagen et al.
(1997), elasti strething auses an inrease in visosity, while inreasing elasti strain
rate redues visosity of the material. Based on these observations, visosity is related to
disentanglement, it depends on strain level and rate and it is modeled in the EBPA model
by the two Kelvin-like elements whih are related to the plasti and elasti strething,
respetively.
To improve the auray of the linear visoelasti models in large multi-dimensional
deformations, a multipliative deomposition of the elasti deformation gradient F e into a
visous and an elasti part needs to be applied, i.e.
F e = F e1F
e
2 (6.4)
where F e1 and F
e
2 take the elasti strething in the spring a) and b) into aount, f. Fig.
6.1. Similar to (4.9), use will be made of the polar deomposition of F e1 and F
e
2, i.e.
F e1 = v
e
1R
e
1 and F
e
2 = v
e
2R
e
2 (6.5)
whih dene the orientation of the intermediate elasti onguration in terms of the elasti
streth tensors ve1 and v
e
2 and the elasti rotations R
e
1 and R
e
2, f. Fig. 6.3.
One onsequene of the visoelastiity is that the rate form of the elastiity equation
must be derived. The governing equation for the system illustrated in Fig. 6.1 is given by
τ = Le(E) : lnve1 = η :
d
dt
(lnve2) +L
e(E1) : lnv
e
2 (6.6)
where the fourth order elastiity tensor L
e
was introdued by (4.114), E and E1 are elasti
onstitutive parameters and η is the stiness of the visous damper. In general, η is
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regarded as a fourth order tensor and it depends on temperature, pressure and deformation
rate, f. e.g. Khan et al. (2006). Typially, suh onditions an be met in manufaturing
proesses, less under operating onditions. Considering relatively low strain rates under
isothermal onditions and assuming visosity η to be a salar, only three new material
parameters h2, E1 and η enter the extended model. The details for the numerial treatment
of the proposed model under homogeneous and inhomogeneous deformation are given in
the Appendix A and in Se. 7.1, respetively.
6.2 Calibration of the EBPA model
Glassy polymers show a strong dependene on a deformation state and therefore, the EBPA
model is alibrated for three deformation modes: simple shear, uniaxial ompression and
plane strain ompression. These homogenous deformation modes allow the numerial inte-
gration to be performed using an ODE-solver instead of solving the boundary value prob-
lem. The details of the Runge-Kutta-based method employed an be found in Appendix
A.
6.2.1 Compression and simple shear - monotoni loading
First, the EBPA model is alibrated to uni- and bi-axial ompression as well as to simple
shear tests for PC, onduted by Arruda and Boye (1993a) and G'Sell and Gopez (1985),
respetively. During the tests, the stress-strain response of eah deformation mode has
been reorded for evaluation of the mehanial behavior of polymers. The tests have been
performed at room temperature using a onstant strain rate, ǫ˙ = 0.001 1/s for ompression
and γ˙ = 0.003 1/s for simple shear. The elasti onstitutive parameters E = 3300 MPa,
E1/E = 0.35 and ν = 0.3 are kept xed in the alibration and the parameters, A and α, are
taken to oinide with the values in Wu and Van der Giessen (1993). Identiation of the
visosity η = 6.0 ·104 MPas is done by tting the initial response to the experimental data.
The threshold value of the shear strength s¯2 = 40 MPa in (6.2) is determined through
alibration to a uniaxial ompression test program. Aording to this test, a speimen is
rst ompressed to ǫ = 0.8 followed by unloading to zero stress, then kept unstressed until
the strain ǫ = 0.66 is reahed and nally reloaded at the same strain rate ǫ˙ = 0.001 1/s, f.
Table 6.1: Constitutive parameters of the BPA and EBPA model for PC. The alibration of the
EBPA model is based on the experiments given in Arruda and Boye (1993a) and G'Sell and
Gopez (1985) for the ompression and simple shear, respetively. The BPA model parameters are
taken from Wu and Van der Giessen (1993).
E ν s0 sss h1 h2 γ˙0 A C
R N α
MPa MPa MPa MPa MPa s−1 MPa−1K MPa
BPA 2300 0.30 97 76.6 500 2.0 · 1015 240 12.8 2.15 0.08
EBPA 3300 0.30 96 61.3 168 9.9 5.4 · 1015 240 17.8 2.42 0.08
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Figure 6.4: Stress-strain urves for a) uniaxial and b) plane strain ompression of PC. Exper-
imental data is taken from Arruda and Boye (1993a). The test has been performed at room
temperature using a onstant strain rate ǫ˙ = 0.001 1/s.
Arruda et al. (1995). The remaining parameters CR, N , s0, sss, h1, h2, and γ˙0 are obtained
using the least-square tting. The optimization problem is solved using the Nelder-Mead
simplex algorithm. The alibrated set of parameters for the EBPA model is given in Table
6.1. For omparison, the original BPA model parameters, taken from Wu and Van der
Giessen (1993), are also presented.
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Figure 6.5: Stress-strain urves for simple shear
of PC. G'Sell and Gopez (1985) performed the
test at room temperature using a onstant strain
rate γ˙ = 0.003 1/s.
Let us rst onsider the ompression
modes. Based on the parameters in Table
6.1 the response of the original and the ex-
tended BPA model are simulated and om-
pared to the experimental results, f. Figs.
6.4. Due to the linear elasti onstitutive
law being used in the BPA model, f. Eq.
(4.113), its initial elasti response deviates
from the EBPA model and the experimen-
tal results that show nonlinear response.
Later, in large plasti strains the model pre-
ditions t well to the uniaxial experimental
data. Under plain strain ompression, the
EBPA model rst overestimates the stress
response whereas in large strains the EBPA
and the BPA models give the lower and the
upper bounds, respetively.
In ontrast to the uniaxial and plane strain ompression modes, the prinipal diretions
alter during simple shear, and onsequently the plasti spin is nonzero. Despite the vis-
oelasti onstitutive desription, the EBPA model predition also deviates from the initial
experimental response and as a result the strain at the stress peak is underestimated, f.
Fig. 6.5. After the initial yielding, the response is satisfatorily aptured by both the
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models. When the shear strain reahes approximately 1.0, both the model preditions
deviate signiantly from the experiment. This disrepany between the models and the
experiment an be explained by shear band propagation and boundary eets, f. G'Sell
and Gopez (1985).
6.2.2 Inuene of the entanglements
The softening/hardening behavior of amorphous glassy polymers is asribed to spei
mirostrutural mehanisms. It is widely aknowledged that the softening of amorphous
glassy polymers is mainly due to the ativation and growth of mirosopi shear bands.
Argon (1973) and Bowden and Raha (1970) showed that softening followed by the yield
point is assoiated with the thermally ativated overoming of van der Waals interation
between neighboring maromoleules. The van der Waals interation is losely related
to the physial entanglements; an inreasing grade of entanglements sustains the van der
Waals fores whih results in an inrease in the resistane to slipping between hains.
Melik (2003) investigated the diretion-dependent behavior of both initially isotropi
and pre-strained glassy polymers. They observed that the yield stress and the hardening
behavior in tension onsiderably dier from those in ompression. Tomita and Tanaka
(1995) pointed out that the extension along the hain diretion inreases the number of
entanglements and aets the stiening of the material. Unlike in the tests for homogeneous
deformation, the experimental response of inhomogeneous deformation shows that the
speimen's elongation takes plae almost at onstant fore, f. e.g. Tomita and Tanaka
(1995) and Wu and Van der Giessen (1995). Deformation loalizes in ne shear bands
whih grow during elongation and prevent hardening in large strains. G'Sell and Gopez
(1985) observed that the deformation behavior in shear is, for the one part, attributed to the
intrinsi material behavior and for the other part to the propagation of marosopi shear
bands. Wu and Van der Giessen (1994) onluded that the most important fator that
ontrols the initiation of shear bands is the intrinsi softening, whereas the orientational
hardening is ruial for widening and loalization of the shear bands.
In ontrast to the ane network models, where the number of entangled points of mole-
ular hains is onsidered to be onstant, the experimental investigations impliitly suggest
the possibility of hanging the number of entanglements due to the plasti deformation,
f. Tomita and Tanaka (1995). Melik (2003) performed uniaxial tests on semi-rystalline
polymers, whih indiated strain hardening being dominated by the resulting number of
entanglements. Chain slip and derease in entanglement density, i.e. disentanglement,
were found to derease strain hardening and stress build-up. To evaluate the inuene of
the entanglements, a simple evolution equation for the number of entanglements will be
presented based on the following material harateristis:
- The extension of a hain and the ompression perpendiular to the diretion of the
hain inrease the number of entanglements and vie versa, whereas
- the number of entanglements redues due to the shear deformation parallel to the
hain diretion.
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Figure 6.6: a) Comparison of the BPA, EBPA and TT-BPA model responses under simple shear.
b) N vs γ urve based on the evolution equation (6.7). Experimental data points of the shear
and normal stress are depited by the markers "•" and "", respetively. Experimental data is
taken from Wu and Van der Giessen (1994). In aordane with the experiment, the strain rate
γ˙ = 0.003 is employed in the simulations.
Based on the work of Tomita and Tanaka (1995), the number of entanglements m evolves
aording to
m˙ = χ(θ) : D¯
p
, m(0) = m0 (6.7)
where χ(θ) is a temperature-dependent tensor-valued oeient, and D¯
p
is the rate of plas-
ti deformation. In the diretion of prinipal plasti strethes, the material harateristis
are satised by the following omponents
χii = c1(θ)(1− m
mu
), χij = c2(θ)(1− m
ml
), i 6= j = 1, 2, 3 (6.8)
where c1 and c2 are temperature-dependent positive variables, mu is the upper and ml the
lower bound of the number of entanglements. Based on (4.22) Tomita and Tanaka (1995)
proposed the following relation for the kink number
N =
NA
4m
. (6.9)
Sine the moleular weight of the polymer remains unhangeable, the total number of
statistial links NA in the material element is onstant, f. Fig. 4.4. Using T = 296
K, the BPA model parameters in Table 6.1 and the relation CR = nkT in whih k is
the Bolzmann onstant, one obtains NA = 6.73 · 1027 m−3 and m0 = 7.83 · 1026 m−3.
The additional parameters needed in the model are mu = m0, ml = 0.34m0, c1 = 0 and
c2 = 0.43m0, f. Tomita and Tanaka (1995).
Fig. 6.6(a) shows the model responses under homogeneous simple shear deformation.
In ontrast to the BPA and the EBPA models, the BPA model augmented by the evolution
equation (6.7) (termed here the TT-BPA model) is able to aurately apture the experi-
mental data also in large strains, γ > 1.0. The evolution of the number of hain segments
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N during deformation is illustrated in Fig. 6.6(b). The growth of N is almost 170% whih,
in onsistent with (4.22), results in that the number of hains n and entanglements m in
a unit volume signiantly derease during the shear deformation, f. also Arruda et al.
(1995). As a result of disentanglement, the stiness of the hain network redues and the
shear stress response shows redued hardening in the material.
6.2.3 Strain rate dependene
Experimental tests on amorphous polymers indiate their signiant sensitivity to strain
rate, whih appears as inreasing yield stress, overall stiness, ompressive strength and
inreasing strain energy as the strain rate inreases. Due to dissipative heating, the strain
rate and temperature are oupled under high rates of plasti deformation. Even at the
relatively low strain rate ǫ˙ = 0.1 1/s, Arruda and Boye (1990b) observed a 20 ◦C tem-
perature rise in ompressed PMMA disks in large plasti strains. As a result, softening
has two ontributions - material strain softening and thermal softening, f. Arruda et al.
(1995). Mulliken and Boye (2006) assumed that the thermal softening in large strains
is due to the heat generation in the material, sine the plasti part of the strain energy
does not have time to transfer to the surroundings but is stored in the material as the
deformation rate inreases.
Based on the alibrated material parameters, the ability of the EBPA model to apture
strain rate dependene of PC and PMMA is evaluated. Both the model results and the
experimental data for PC and PMMA at two dierent strain rates are depited in Fig. 6.7.
Let us rst onsider the model preditions for PC. Even though the initial elasti stiness
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Figure 6.7: Comparison of the experimental and the model responses for a) PC and b) PMMA
under uniaxial ompression at dierent strain rates. Experimental data for PC at ǫ˙ = 0.001−0.01
1/s is taken from Arruda and Boye (1993a). Experimental data for PMMA at ǫ˙ = 0.01 1/s is
taken from Arruda et al. (1995) and at ǫ˙ = 0.0003 1/s data is taken from Anand and Ames (2006).
The parameters needed in (6.10) are m0 = 1.09 · 1027, c0 = 0.5m0, βc = 100 s and ǫ˙ref = 0.001
1/s. The EBPA model parameters for PC and PMMA are listed in Table 6.1 and 6.2, respetively.
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orresponding to the strain rate ǫ˙ = 0.01 1/s is overestimated, and as a result the strain
at the yield point is underestimated, the experimental response is relatively well aptured
in the strains greater than 0.1. At the low strain rate ǫ˙ = 0.001 1/s, the experimental
data is aurately aptured in small strains as well. In ontrast to the preditions for
PC, the experimental and the EBPA model responses for PMMA are almost inseparable
when the low strain rate ǫ˙ = 0.0003 1/s is employed. As the strain rate inreases, the
EBPA model annot reprodue the harateristi features of the PMMA-response involving
redued hardening in large strains. In order to apture the hardening behavior in large
strains, the following material harateristis are assumed to be of major importane:
- An inreased rate of hain extension and hain ompression perpendiular to the
hain diretion inrease the number of entanglements.
- The number of entanglements redues due to an inreased rate of hain ompression
and hain tension perpendiular to the hain diretion.
Basially, the above assumptions are satised by the evolution equation (6.7). To strengthen
the strain rate eet, the parameter c1 needed for the omponents in (6.8) is taken to be
a linear funtion of the strain rate, i.e.
c1(ǫ˙) = c0(1 + βc(| ± ǫ˙| − ǫ˙ref)) > 0 (6.10)
where c0 and βc are material parameters and 0 < ǫ˙ref < |ǫ˙| is the referene strain
rate. The minus sign for ǫ˙ refers to ompression.
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Figure 6.8: Comparison of the experimental and
the model responses for PMMA under uniaxial
ompression at ǫ˙ = 0.01 1/s. Experimental data
for PMMA is taken from Arruda et al. (1995).
The parameters needed in (6.11) are r = 4.0,
a = 10, 000 s, b = 2.6 and η0 = 8.0 · 104 MPas.
Sine only relatively small strain rate
hanges are onsidered in this work, more
realisti models that take aount of the
oupling between temperature and strain
rate are of no interest here. Despite this
simple desription, the model response for
ǫ˙ = 0.01 1/s exhibits redued hardening in
large strains, whih orresponds well with
the experimental result for PMMA, f. Fig.
6.7(b). In ontrast to the onvex γ − N
urve present in Fig. 6.6, the growth of N is
desribed by a onave urvature. Despite
the visoplasti onstitutive desription, a
linear dashpot with a onstant η is gener-
ally inadequate to represent visous eets
in amorphous polymers under loading rate
hanges. Based on the work by Bardenhagen et al. (1997) and Khan and Zhang (2001),
visosity η is assumed to be a nonlinear funtion of both the strain and strain rate, i.e.
η = ǫre
η0
(1 + (aǫ˙e)2)b
(6.11)
80 6 The BPA model extension
where r, a, b and η0 are material parameters. In the relation (6.11), the rst term ǫ
r
e
represents inrease in visosity with inreasing elasti strain, while the seond term re-
dues visosity with the inreasing strain rate. This feature has been attributed to the
disentanglement, f. Khan and Zhang (2001). Fig. 6.8 represents the stress response at
ǫ˙ = 0.01 1/s as ǫe := 1 + ln(v
e
11) is used in (6.11). Compared to the EBPA model response
at ǫ˙ = 0.01 1/s in Fig. 6.7(b), the response of the nonlinear visosity model shows redued
hardening whih is in better agreement with the experiment. Moreover, the model is able
to apture the nonlinear initial response prior to the marosopi yield point well.
6.2.4 Uniaxial ompression - non-monotoni loading
In this setion, inuene of the dwell stress level and duration of the dwell period on
the bisphenol A polyarbonate (BPA-PC) is investigated. In addition, the BPA and the
EBPA models are evaluated by omparing their results with the experiments on BPA-PC
and on PMMA under yli loading. Based on the experimental data taken from Dreistadt
et al. (2009) for BPA-PC, and Anand and Ames (2006) for PMMA, the EBPA model is
alibrated by using the least-square tting. The elasti onstitutive parameters for BPA-
PC are E = 3700MPa and η = 5.0·104 MPas, apart from the PMMA parameters E = 2700
MPa and η = 8.0 · 104 MPas. For both the materials, the Poisson's ratio is ν = 0.37 and
the stiness of the intermediate spring is given by E1/E = 0.35, f. Fig. 6.1. The material
parameters resulting from the alibration are given in Table 6.2. For ompleteness, the
BPA model parameters are also given in Table 6.2.
In the rst experiment, the speimen is loaded up to the true strain of 0.75 followed
by unloading, during whih the resulting fore is linearly removed. The speimen is then
kept unstressed for 400 days. Sine the mehanial behavior after the dwell period is not
of interest here and the duration of the test prior to dwell is short, the initial age of the
speimen an be onsidered large ompared to the test time and thus the aging eets an
be negleted, f. Govaert et al. (2000) and Klompen et al. (2005). In aordane with the
experiments, the strain rate 0.001 s−1 is onsidered in the simulations. In Fig. 6.9(a), the
simulated BPA and EBPA responses are ompared to the experimental data. As in the
Table 6.2: Constitutive parameters of the BPA and EBPA model for BPA-PC and PMMA. The
parameters are obtained from the alibration to the tests performed at room temperature for
uniaxial ompression, f. Dreistadt et al. (2009) and Anand and Ames (2006).
E s0 sss h1 h2 γ˙0 A C
R N α
BPA-PC MPa MPa MPa MPa MPa s−1 MPa−1K MPa
BPA 2300 99 73 370 2 · 1015 241 14.0 1.85 0.08
EBPA 3700 100 56.5 205 40 5.6 · 1015 241 14.0 2.2 0.08
PMMA MPa MPa MPa MPa MPa s−1 MPa−1K MPa
BPA 3700 121 91 300 5.6 · 1015 241 14.4 2.45 0.08
EBPA 2700 121 63.3 184 38 5.6 · 1015 241 14.0 2.3 0.08
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Figure 6.9: a) True stress vs true strain for uniaxial ompression of bisphenol A polyarbonate.
The experimental data is taken from Dreistadt et al. (2009). b) Athermal shear strength s and
its omponents s1 and s2 vs true strain aording to the EBPA model. β
dev
BPA and β
dev
EBPA denote
the bakstress omponents in the diretion of the applied load.
previous examples, both the BPA and the EBPA model apture the experimental response
aurately during monotoni loading. One unloading is initialized, the experimental re-
sponse shows more inreasing strain than the model results. Later in the unloading phase,
the BPA model shows a distint threshold for reversed plastiity, whereas the EBPA model
and the experimental response show a smooth transition, i.e. no distint Bauhinger eet
an be observed. The original BPA model predits a premature Bauhinger eet whih is
initiated at 45 MPa, f. Fig. 6.9(a). At the end of the unloading phase, the EBPA model
response is lose to the experimental strain 0.66, whereas the original BPA model predits
a strain of 0.39 whih indiates the BPA model being inapable of prediting unloading.
After a dwell period of 400 days, the permanent strain predited by the EBPA model
is approximately 0.50 whereas the experiment indiates a permanent strain of 0.62. The
original BPA model is not able to predit reovery but results in a one-magnitude lower
permanent strain of 0.062.
The athermal strength s, its omponents s1 and s2, and the bakstress β
dev
as the
funtion of total strain are represented in Fig. 6.9(b). As shown, the new variable s2,
present in the EBPA model, inreases along with the plasti deformation, and as a result
the bakstress is redued. The maximum bakstress prior to unloading is about 30% greater
using the BPA model than the EBPA model. As a onsequene, the EBPA model results
show a lower Bauhinger eet than the BPA model preditions, f. Fig. 6.9(a). Fig.
6.10(a) presents the model responses subjeted to dierent pre-strains ǫ = 0.30, ǫ = 0.45
and ǫ = 0.60 followed by unloadings to zero stress. The EBPA model predits nonlinear
unloading response, whih meets the behavior observed in the experiments, f. Hasan and
Boye (1995) and Weltevreden (2009). Again, the BPA model predits a reversed plastiity
whih initiates at dierent stress levels depending on the pre-straining. If unloadings are
ontinued past zero stress, it appears that the residual strain and stress are not dependent
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Figure 6.10: a) The BPA and EBPA model urves representing the pre-straining and unloading.
b) Evolution of the bakstress βdev. The pre-strains used are ǫ = 0.30, ǫ = 0.45 and ǫ = 0.60.
The BPA and EBPA model responses are highlighted by the dashed and solid line, respetively.
The inset in b) presents the total strain vs logarithmi time predited by the BPA model.
on the applied pre-strain, but onverge approximately at the strain ǫ = 0 and the tensile
stress σ ≈ 27 MPa. A premature Bauhinger eet present in the BPA model results is
due to the exaggerated evolution of the bakstress, f. Fig. 6.10(b). In the inset, the total
strain vs logarithmi time aording to the BPA model is presented, showing relaxation of
the strain to be an instantaneous proess. However, the experiments as well as the EBPA
model results indiate some retardation, f. e.g. Fig. 6.9.
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Figure 6.11: Comparison of the BPA and the EBPA model urves in small strains against the
experimental data in whih the speimen was ompressed to strain level of ǫ = 0.20 and then a)
unloaded to ǫ = 0 or b) strained via ǫ = 0 to ǫ = 0.20. The inset plot highlights the evolution
of the bakstress βdev . Responses are alulated using the alibrated material parameters for
PMMA. The experimental data is taken from Anand and Ames (2006).
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Figure 6.12: a) The EBPA and b) the BPA model responses under yli loading. The inset plots
show the evolution of the bakstress βdev. Responses are alulated using the alibrated material
parameters for PMMA, f. Table 6.2.
Anand and Ames (2006) onduted uniaxial ompression tests on PMMA involving
both a single unloading and yli loadings, in whih the speimen was pre-strained up to
the two dierent limits 13.5% and 19.9%. Both the BPA and the EBPA model responses
and the experimental data are shown in Fig. 6.11. Even if the EBPA model underestimates
the stress at strains below 0.1 during the unloading phases, it does apture the loading
phases as well as the initial unloading aurately. Due to the linear elasti onstitutive
desription, the BPA model annot satisfatorily reprodue experimental response during
either loading or unloading.
Fig. 6.11(b) also shows the evolution of the bakstress aording to the models. Com-
pared to the EBPA model result (solid line), the BPA model predits signiantly greater
bakstress during the loading phase, whih then rapidly dereases during subsequent un-
loading. As a onsequene, the BPA model predits almost linear response both during
initial unloading and initial reloading, followed by ontinued deformation at almost on-
stant stress. In ontrast to a purely elasti deformation, visoplasti deformation results
in a loss (dissipation) of mehanial energy whih is equal to the area of the hysteresis
loop through a loading yle. It an be observed from Fig. 6.11(b) that the BPA model
predits muh greater dissipation than the EBPA model. Moreover, the models show the
Bauhinger eet whih stabilizes during few yles led to the saturated state of hardening,
f. Fig. 6.12. Sine the inuene of isotropi hardening in the EBPA model is small in this
strain regime, f. Fig. 6.9(b), both the model results and the amount of dissipation only
deviate beause of the dierent elasti onstitutive desriptions.
Arruda et al. (1995) onduted experiments on PMMA in whih a speimen was sub-
jeted to uniaxial ompression up to the strain ǫ = 0.890, then unloaded and nally kept
unstressed until the two strain values ǫ = 0.659 or ǫ = 0.832 were reahed. In order to re-
veal an anisotropi state of the material, the speimen was reloaded at the same strain rate
84 6 The BPA model extension
0 0.2 0.4 0.6 0.8 10
50
100
150
200
x           BPA model
           Experimental data
o           EBPA model
PSfrag replaements
ǫ
σ
[
M
P
a
℄
a)
0 0.2 0.4 0.6 0.8 1 1.20
50
100
150
200
o                EBPA model, ε=0.832
x                BPA model, ε=0.320
o                EBPA model, ε=0.659
o
°° °
PSfrag replaements
[MPa℄
a)
ǫ
σ
[
M
P
a
℄
b)
A A B
a) b)

Figure 6.13: a) Comparison of the BPA and the EBPA model responses for PMMA under mono-
toni loading and subsequent unloading to zero stress. The experiment, performed at a onstant
strain rate ǫ˙ = 0.0003 s−1, is taken from Anand and Ames (2006). b) Comparison of the model
responses for PMMA: the anisotropi responses result from loading of an initially isotropi spei-
men followed by unloading and a dwell period at zero stress. The tests are performed at onstant
strain rate ǫ˙ = 0.001 s−1 at room temperature, f. Arruda et al. (1995). The positions A and B
indiate the strains after the two dierent dwell periods.
and test temperature of its initial ondition. In large strains, polymer hains must undergo
a signiant reorientation whih is primarily retained upon unloading. As a onsequene,
reloading reveals anisotropy of the material whih is manifested as inreased hardening
one the yield point is reahed. Figs. 6.13 and 6.14(a) show the BPA and EBPA models'
apability to predit the orientation-indued hardening behavior of PMMA. In ontrast to
the EBPA model, whih aptures monotoni loading, unloading and reloading followed by
the presribed dwell period well, the BPA model overestimates reovery during the dwell
period and results in a premature Bauhinger eet whih is initialized at σ = 30 MPa.
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Figure 6.14: a) Uniaxial isotropi response and anisotropi responses resulting from the two
dierent deformation histories depited in Fig. 6.13(b) as the origin of reloading is set to ǫ = 0.
b) Evolution of the bakstress during the deformation. The bakstress responses at the end of the
dwell periods are depited by the letters A and B.
6.2 Calibration of the EBPA model 85
Fig. 6.14(a) represents the anisotropi response resulting from the deformation history as
the origin of the reloading is set to ǫ = 0. Upon reloading, the EBPA model results, whih
are followed by vastly dierent strain histories, exhibit very similar anisotropi responses
being in good agreement with the experimental response.
Arruda et al. (1995) onduted birefringene measurements on PMMA that indiated
that the same orientation state exists in eah tests speimen and the resulting anisotropi
response is virtually unaeted by the strain history. They showed that the dierent strain
histories that resulted in equal bakstresses, inuene very similar subsequent anisotropi
response. It also appears from Fig. 6.14(b) that the bakstress responses evolving from
the positions A and B are almost the same shape and therefore the EBPA model results in
almost idential anisotropi stress-strain responses upon reloading from zero stress. Based
on experimental observations, Hasan et al. (1993) and Melik et al. (2003) onluded that
the mehanial history only inuenes the yield stress, whereas the subsequent state an be
regarded as independent of any prior history. It an be onluded that the proposed EBPA
model satisfatorily aptures not only the mehanial behavior of an initially isotropi
material but also the behavior of subsequent response in a pre-oriented material.
Dreistadt et al. (2009) also onduted uniaxial ompression tests for repeated unloadings
where the speimen was unloaded at ve progressively inreasing strain levels: ǫ = 0.05,
0.13, 0.27, 0.45, and 0.59. After eah unloading, the speimen was kept at a xed nominal
stress level during a presribed dwell period. Here, two dierent stress levels are examined:
π = 59 MPa and π = 1.2 MPa for the dwell time of 12,000 s. After the dwell period,
the speimen is reloaded until the next unloading level is reahed. The nal unloading is
performed to zero stress.
Let us rst onsider the stress-strain response for π = 59 MPa, f. Fig. 6.15(a)-(b).
During the rst two dwell periods, exaggerated reep is predited by the BPA model.
Contrary to the experimental response, the predited strain at the end of the seond dwell
period is lose to the unloading strain value of the third yle. Note, that the inuene of
the new variable s2, present in the EBPA model, is small in this phase and therefore the
models deviate only due to the dierent elasti onstitutive desription. It also appears
from the simulations that neither the original nor the extended model an reprodue the
stress peak during reloading but tend towards the monotoni loading path.
Next, let us onsider the low dwell stress, π = 1.2 MPa. A omparison of Figs. 6.15(a)-
(b) and 6.15()-(d) reveals that reep is progressively replaed by reovery when the dwell
stress dereases. Even though the EBPA model overpredits the reovery during the rst
yle, it is superior to the BPA model during the next two yles when the BPA model
predits almost elasti response. Moreover, the BPA model strongly overestimates the
long-term reovery during the fourth yle, whereas the EBPA model and the experimental
response an be regarded as almost indistinguishable. As with the single unloading, the
BPA model predits a premature Bauhinger eet during the last unloading and as a
result, the true strain is strongly underestimated at the end of the unloading phase, f.
Figs. 6.15(a) and 6.15().
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Figure 6.15: Uniaxial ompression responses for BPA-PC aording to the BPA and the EBPA
model. The repeated unloadings are performed to π = 59 MPa a)-b) and π = 1.2 MPa )-d).
Experimental data is taken from Dreistadt et al. (2009).
The insets in Figs. 6.15() and (d) show the evolution of the bakstress aording to the
BPA model and the EBPA model, respetively. The values of the bakstress prior to the
two last unloadings are muh higher predited by the BPA model than by the EBPA model.
As a result, the BPA model predits an exessive reovery or a premature Bauhinger eet
during the subsequent dwell period or during the last unloading. Unlike the EBPA model,
whih predits nearly similar repeated yles, the BPA model response shows a marked
drop in the bakstress during the fourth dwell period as well as during the last unloading.
Consequently, the BPA model result shows almost linear stress response upon subsequent
reloading from zero stress.
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7 Investigations on inhomogeneous deformation state
7.1 Algorithmi setting of the EBPA model
In order to use the original BPA model and the proposed EBPA model for the simulations
of inhomogeneous deformation, they are implemented in the nite element method. Sine
long-term behavior will be investigated, the proposed algorithm is based on a fully impliit
bakward Euler method whih allows large time steps to be used. Similar to the BPA
model, the elasti rotation Re in the EBPA model is hosen to be unity and onsequently
the plasti spin W¯
p
is nonzero. The plasti spin is numerially solved by introduing
a skew-symmetri algorithmi plasti spin W˜
p
whih is determined so that the elasti
part of the deformation gradient F e is symmetri at the end of the integration interval,
f. Holopainen and Wallin (2012). To speify the orientation of the elasti intermediate
onguration, the rst omponent F e1 in the deomposition (6.4) is hosen to be symmetri.
For the sake of simpliity, the quantities at the known state tn are indiated by the subsript
n whereas the subsript n+ 1 for the updated state is omitted. In aordane with Weber
and Anand (1990), the exponential update is applied to the plasti part of the deformation
gradient F p, i.e.
F p = exp(∆tL¯
p
)F pn. (7.1)
A glane at (4.16) and (4.109) reveals that the exponential update (7.1) preserves the
plasti inompressibility, i.e. det(F p) = 1. The tensor exponent is alulated by using the
Pade approximation, f. Steinmann and Stein (1996). Using (7.1) in (4.3), results in
F e = FF p−1 = FF p−1n exp(−∆tL¯p). (7.2)
As with the homogeneous deformation, the visous damping is desribed by a salar tar-
geted to the one part of the elasti streth, ve2. Based on the stress equilibrium (6.6), the
strain rate evaluates aording to
d
dt
(
lnve2
)
=
1
η
(Le(E) : lnve1 −Le(E1) : lnve2). (7.3)
In all, the non-linear system of the residuals is given by
R1 : = F
e − FF p−1n exp
(
−∆t(D¯p + W˜ p)
)
,
R2 : = F
e,T − F e,
R3 : = W˜
p,T
+ W˜
p
,
R4 : = F
e,T
1 − F e1,
R5 : = (I +
∆t
η
L
e(E1)) : lnv
e
2 −
∆t
η
L
e(E) : lnve1 − lnve2,n,
R6 : = (s1 − s1,n − s˙1∆t)/sss,
R7 : = (s2 − s2,n − s˙2∆t)/sss
(7.4)
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where the parameter sss was dened in (6.2)1. It should be mentioned that the nonlinear
residuals R4, R5 and R7 are omitted in the original BPA model. Note also, that the
residualsR2 andR4 onsist of three and the residualsR3 andR5 of six linearly independent
equations. Compared to the other approahes referred in this thesis, stress rates whih need
a spei treatment involving e.g. objetivity, do not expliitly appear in the proposed
numerial algorithm. The nonlinear system (7.4) is solved using the Newton-Raphson
method, i.e. Y i+1 = Y i+∆Y where Y := [F e W˜
p
F e1 s1 s2] is the vetorized form of the
state variables. The inrement of the internal variables is given by
∆Y = −J−1R, where J := ∂R
∂Y
(7.5)
is the Jaobian and R := [R1 R2 R3 R4 R5 R6 R7] is the vetorized form of the residuals.
For onveniene, the steps of the numerial integration algorithm for updating the internal
variables are summarized in Table 7.1. Linearization of the stress-strain relation needed
in an impliit nite element solution proedure is disussed in Miehe (1998), Stein and
Sagar (2008), Holopainen and Wallin (2012) and Holopainen (2012). The performane of
the proposed integration sheme and the algorithmi tangent stiness (ATS) tensor that
enters the linearization of the equilibrium equations was evaluated during simulations. The
equilibrium state was typially found within 3-5 iterations.
Table 7.1: Algorithmi update of internal variables based on the multipliative deomposition of
the deformation gradient.
1. Load data: F , Y n := [F
e
n W˜
p
n F
e
1,n s1,n s2,n].
2. Set k = 0 and initialize F p|k=0 = F e−1n F , F e2|k=0 = F e−11,n F en.
3. Impliit update of the internal variables:
WHILE ‖R‖ > tol
(i) Compute τ by (6.6) and β by (4.110).
(ii) Compute γ˙p by (4.75) and D¯
p
by (4.109).
(iii) Compute the residuals R aording to (7.4).
(iv) Compute the Jaobian J := ∂R/∂Y .
(v) Update internal variables, Y ← Y n +∆Y by (7.5) and set k ← k + 1.
END WHILE LOOP
4. Store updated variables Y := [F e W˜
p
F e1 s1 s2] and proeed to the equilibrium
iteration for F .
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7.2 Comparison of the BPA and EBPA model preditions for long-
term behavior
In the subsequent examples, the ability of the proposed model to predit intrinsi material
behavior as well as inhomogeneous, loalized deformation on amorphous glassy polymers is
investigated. In the rst example, the BPA model and the EBPA model are ompared. A
tapered sheet is subjeted to tension followed by bending, then unloaded and nally relaxed
for two months, f. Fig. 7.1. The boundary at y = 0 is lamped and the displaement
at y = L is presribed during tension and subsequent bending. After these two loading
phases, the displaements ux/L = 0.2 and uy/L = 0.2 are reahed and then the resulting
fore f is linearly removed during 60 s. The onstitutive parameters used in the simulations
are given in Table 6.2.
The initial geometry and the deformed meshes are shown in Fig. 7.1. The three stages
of deformation orrespond to: the end of the seond displaement ontrolled phase, the
end of unloading and the end of the dwell period. At eah stage, a ontour plot of the
plasti streth λ¯pec, dened by (4.105), illustrates the loalization phenomenon. After the
loading phase, the plasti deformation is learly loalized and the loalized region remains
almost onstant during ontinued deformation. To highlight the dierene between the
model preditions after long-term dwell, the deformed meshes predited by both the BPA
and the EBPA model are shown in Fig. 7.1(d). In ontrast to the EBPA model result, the
initial shape of the speimen is almost reovered during the dwell period with the BPA
model.
'$x
y
r
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Figure 7.1: a) The geometry of the BPA-PC speimen subjeted to ombined tension and bending.
The geometry is governed by w/L = 1/5, r/L = 1/5 and H/L = 9/10. Visualization of the plasti
streth λ¯pec in the deformed meshes at the end of b) loading (by EBPA), ) unloading (by EBPA),
and d) dwell period of two months (by both the BPA and EBPA model). The element mesh
onsists of 450 mixed 4-node plane elements.
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Figure 7.2: The displaement omponent ux vs time during unloading and the dwell period of
two months. The solid and dashed lines present the EBPA and BPA responses, respetively. The
markers  and  indiate the nal positions.
In Fig. 7.2, the simulated displaement omponent ux versus the time is presented.
During unloading, the model preditions are very similar albeit a slight deviation an be
observed at the end of the unloading phase. The predited displaement at the end of
unloading is approximately ux/L = 0.125 with the BPA model and ux/L = 0.137 with
the EBPA model. After the dwell period, the simulated displaement is ux/L = 0.022
aording to the BPA model whih is well below the EBPA model result, ux/L = 0.100,
f. also Fig. 7.1(d). Based on the disussion in Se. 6.1, we onlude that the amount of
isotropi hardening in relation to the amount of kinemati hardening is of major importane
when modeling reovery.
7.3 Evaluation of shear band propagation in a thin sheet
In this example, inuene of the intrinsi material behavior, boundary onditions and initial
imperfetion on the initiation and the propagation of shear bands along a parallel-piped
solid are investigated. It will be shown that the material parameters whih are suitable for
modeling homogeneous deformation behavior annot be used to predit typial S-shaped
response under inhomogeneous deformation. The speimen with the initial length 2L and
initial width 2w subjeted to the simple shear deformation is shown in Fig. 7.3. The
initial geometry is given by the ratio L/w = 7.5. Variations in the thikness are only
signiant to seond order terms in strain, and thus plane strain ondition an be assumed
to prevail. As the rst attempt, a relatively oarse mesh onsisting of 6× 42 4-node plane
elements is employed. The boundary at y = 0 is lamped and the displaement on the
boundary y = 2w is presribed by the onstant deformation rates u˙x/2w = 7.5 · 10−3 s−1
and u˙y = 0. During the loading phase, the resulting fores fx and fy at y = 2w are
monitored. In order to trigger the initiation of a marosopi shear band propagation due
to some inhomogeneity in the material, an initial imperfetion of the shear strength s0 of
the form
∆s1 = ξs0 exp
[
−(x− L)
2 + (L/w)2(y − w)2
0.01(L2 − w2)
]
(7.6)
7.3 Evaluation of shear band propagation in a thin sheet 91
1 2 3 4 5 6 7
−2
−1.5
−1
−0.5
0
0.5
1
1.5
2
2.5
3
x
y
2w
2L
ux
fy
fx
Figure 7.3: The geometry and nite element mesh of the retangular speimen subjeted to the
plane strain simple shear. The geometry is given by L/w = 7.5.
is employed. In (7.6), ξ determines the intensity of the imperfetion. Hene, the initial
shear strength is s0 −∆s1.
The EBPA model response based on the material parameters given in Table 6.1 is shown
in Fig. 7.4(a). The overall response of the speimen is presented in terms of the shear
stress, the normal stress and the applied shear strain whih are dened by τ := fx/(2L),
σ := fy/(2L) and γ := ux/(2w), respetively. One the shear stress maximum is reahed, a
marked drop in the shear stress and a rise in the normal stress an be observed. It an be
assumed that these responses do not represent real material behavior. The model whih an
apture mehanial behavior of amorphous glassy polymers under dierent homogeneous
deformation states ollapses as the same parameter values are applied to inhomogeneous
deformation. So, next the ability of the loalization phenomena and the boundary eets
to explain this disrepany is investigated.
Sine experimental results for the plane strain simple shear are not available, the EBPA
model is alibrated to the experimental data for homogeneous shear deformation. The
parameters obtained from the alibration are listed in Table 7.2.
Based on the parameters given in Tables 6.1 and 7.2 the initial and the realibrated
EBPA model response are depited in Fig. 7.4(a). Even if the model responses deviate
from the experimental data in the initial, visoelasti region, the alibrated model aptures
Table 7.2: The values of the EBPA model parameters. Calibration of the EBPA model is based
on the experiments for simple shear given in G'Sell and Gopez (1985).
E η s0 sss h1 h2 γ˙0 A C
R N α
MPa MPa MPa MPa MPa MPa s−1 MPa−1K MPa
2600 1.5 · 105 96 76 720 38 5.6 · 1015 240 13.8 2.22 0.08
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Figure 7.4: a) The initial and alibrated stress responses under the plane strain simple shear.
b) The inuene of the mesh on the predited shear and the normal stress response. Experi-
mental data points of the shear and normal stress under homogeneous deformation are depited
by the markers "•" and "", respetively. Experimental data is taken from Wu and Van der
Giessen (1994). Based on ) the initial and d) the alibrated parameters, the deformed meshes at
ux/(2w) = 0.80 are visualized by the plasti streth λ¯
p
ec, dened by (4.105).
experimental data in large strains fairly well. Sine the material response aording to the
EBPA model is intrinsially rate-dependent, the mesh sensitivity an be assumed to be
small, f. Needleman (1988). Fig. 7.4(b) shows the simulated responses under plane strain
simple shear for two dierent regular meshes onsisting of 6× 42 and 12× 60 4-node plane
elements. As shown, the shear stress responses are virtually indistinguishable and the
dierene between the normal stress responses an also be onsidered as relatively small.
However, the oarse mesh depited in Figs. 7.4(-d) is not ne enough to satisfatorily
present neither the shear band propagation nor the thikness of the shear band. In order
to resolve these matters, the mesh onsisting of 12×60 elements will be used in subsequent
onsiderations.
Fig. 7.5(a) ompares the EBPA model and the original BPA response, whih is based
on the parameters given in Table 6.1. Opposite to the ompression responses, the dier-
ene of the initial shear responses between the models is shown to be small. The model
results are almost idential in small strains up to 0.06 but they dier onsiderably from the
experimental response. As was shown in Fig. 6.9(b), the inuene of the shear strength
s2 in the EBPA model is negligible in this phase and thus the BPA and the EBPA models
only deviate beause of the dierent elasti onstitutive desriptions, f. (4.113) and (6.6),
respetively. It an be assumed that the dierene between the model preditions and the
experimental data is due to the initiation of ne shear bands already in an early stage of
loalization.
7.3 Evaluation of shear band propagation in a thin sheet 93
0 0.1 0.2 0.3 0.4 0.5 0.6−10
0
10
20
30
40
50
60
70
EBPA model
BPA model
PSfrag replaements
γ
τ,
σ
[
M
P
a
℄
0 0.5 1 1.5 2
−100
−50
0
50
100
150
           TT−BPA model
            BPA model
           EBPA model
PSfrag replaements
[MPa℄
γ
τ,
σ
[
M
P
a
℄
0 0.5 1 1.5 2 2.52
3
4
5
6
PSfrag replaements
[MPa℄
[MPa℄
γ
N
a) b)
Figure 7.5: a) Comparison of the BPA and the EBPA model responses under the plane strain
simple shear. b) Comparison of the BPA, EBPA and TT-BPA model responses for homogeneous
simple shear deformation and evolution of N during deformation based on the evolution equation
(6.7). Experimental data points of the shear and the normal stress are depited by the markers
"•" and "", respetively. Experimental data is taken from Wu and Van der Giessen (1994).
Apart from the initial response, both the models apture the experimental large strain
response relatively well; the BPA model gives the upper bound and the EBPA model the
lower bound, f. Fig. 7.5(a). The dierenes between the model preditions in the normal
stress are larger than those in the shear stress. In strains greater than 0.1, the models
predit inreasing tension whereas the experimental normal stress response shows almost
zero stress. Moreover, the normal stress responses under homogeneous shear deformation
show inreasing ompression opposite to the plane strain simple shear, f. Fig. 7.5(b).
The deformed meshes are depited in Fig. 7.6. The three stages of deformation orre-
spond to: ux/2w = 0.15, ux/2w = 0.38 and ux/2w = 0.60. The rst two stages are visual-
ized by a ontour plot of the plasti streth, λ¯pec. The loalization of the plasti deformation
is initialized at the enter of the speimen and it widens in the diretion perpendiular to
the shear diretion. A glane at Fig. 7.4 reveals that the shear stress drops owing to the
intrinsi softening one the shear band is initialized. During ontinued deformation, the
loalized zone rapidly expands towards the free edges. In addition to the ontinuous zone,
small loalized regions an be observed around the orners of the speimen. In order to
learly show the expeted propagation of shear bands at large strains, the deformed mesh
is visualized by the normalized plasti shear strain γp/Γp in whih Γp := γ− fx/(2Lµ) and
µ is the shear modulus. At ux/2w = 0.60, the shear band pattern onsists of riss-rossing
paths whih diagonally expand from the orners towards the enter of the speimen.
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Figure 7.6: The geometry of the speimen subjeted to the plane strain simple shear. The
deformed meshes at ux/(2w) = 0.15 and ux/(2w) = 0.38 are visualized by the plasti streth
λ¯pec, whereas the normalized plasti shear strain γp/Γp is hosen to illustrate the shear band
propagation at ux/(2w) = 0.60. The intensity of the initial imperfetion is ξ = 0.01.
7.3.1 Edge eets and inuene of the entanglements
During deformation, the free edges beome urved with an S-shaped or a onvex urvature,
f. Fig. 7.4(-d). Comparisons of the responses in Fig. 7.4(a) and the deformed shapes in
Figs. 7.4(-d) reveal that the softening in the material is to some extent due to the defor-
mation of the boundaries. Wu and Van der Giessen (1994) investigated boundary eets
in simple shear deformation by inreasing the ratio L/w. Aording to their observations,
in the speimen having innite length, the absene of free edges led to a marked redution
of the deformation inhomogeneity and to the loss of shear band propagation in the shear
diretion. To evaluate the edge eets, the stress responses for homogeneous simple shear
deformation are also presented in Fig. 7.5(b). In aordane with the experimental data
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Figure 7.7: Illustration of the disentanglement proess: a) initial network, b) deformed network
near the limit of the hain extensibility, ) disentanglement of hains and d) loal failure due to
breakdown of the entanglements. While the number of entanglements between the two hains
derease, oiled substituent side hains result in an inrease in the number of hain segments
between the entanglements.
taken from G'Sell and Gopez (1985), the shear rate γ˙ = 0.003 is employed in the simula-
tions, f. Se. 6.2.2. The material parameters are given in Table 6.1. One the strain 1.0
is reahed, the model responses show more hardening in the material than do the exper-
imental data. As a result of shear band propagation and the deformation of boundaries,
the shear fore fx needed for further inhomogeneous deformation remains almost onstant,
whih agrees more losely with the experiments, f. 7.5(a). Also, the normal stresses of
opposite sign in Figs. 7.5(a-b) an be explained by the edge eets: the free boundaries
under homogeneous deformation remain straight lines, whereas under inhomogeneous de-
formation they obtain a onvex or S-shaped urvature. The values of the tensile normal
stress are even higher as the boundaries are S-shaped.
Based on the evolution equation (6.7), the inuene of the number of entanglements
on the stress responses is also investigated. Using the EBPA model parameters in Table
7.2, one obtains the initial values m0 = 8.56 · 1026 m−3 and NA = 7.53 · 1027 m−3. The
other parameters needed in the model are hosen to be c1 = c2 = 0.43m0, mu = 1.1m0 and
ml = 0.64m0. Based on the relation (6.9) and the model assumptions under onsideration,
it an be onluded that under shear deformation the number of entanglements and hain
density derease while the number of kinks N inreases. As is depited in Fig. 7.5(b), the
loking streth
√
N during the homogeneous shear deformation reahes almost a twofold in-
rease whih denotes signiant disentanglement in the material. One some hains reah
their limit of extensibility, the entanglements onneted to these hains slip open while
oiled neighboring hains result in an inrease in the number of rigid links and hain seg-
ments between entanglements, f. Fig. 7.7. In ontrast to the homogeneous deformation,
the number of entanglements grows slightly due to the loalization phenomenon but its
inuene on the marosopi stress responses is negligible, f. Fig. 7.8. Moreover, the sim-
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ulations indiate that the number of entanglements alters only slightly as the parameters
in (6.7) are varied. Sine this simple rule is not able to apture disentanglement during
inhomogeneous deformation, also another rule for the hain density will be introdued later
on. However, it an be onluded that in loalized regions (shear bands) ompression per-
pendiular to the hain diretion inreases and this together with the extension of hains
inreases the number of entanglements in relation to the homogeneous shear deformation.
As shown, the redued number of entanglements is of a major importane when model-
ing homogeneous loal deformation behavior in shear, whereas the inhomogeneous deforma-
tion is dominated by the propagation of shear bands and by the boundary onditions. One
onsequene of this is that under homogeneous deformation the EBPA model predits less
softening and more orientational hardening than under inhomogeneous deformation. It an
be onluded that the intrinsi softening promotes the initiation of shear bands, whereas
the kinemati hardening is seen to be a driving fore for widening of shear bands. The
numerial results in Wu and Van der Giessen (1994) also show that there is no evidene of
shear band propagation without intrinsi softening in the material. Sine softening in the
EBPA model is primarily ontrolled by the softening slope parameter h1 and the intensity
sss/s0, their values under inhomogeneous deformation need to be signiantly inreased.
The goal of the subsequent setions is to nd the mehanisms whih, one implemented
in the model, allow the same material parameters to be used for both homogeneous and
inhomogeneous deformation modes.
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Figure 7.8: Inuene of the number of entanglements on the overall stress vs strain response.
Deformed mesh of the retangular speimen is visualized by the number of entanglements m/m0.
The parameters used in the simulation are given in Table 7.2.
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7.4 Experiment and simulation of old drawing proess of a PC
speimen
7.4.1 Test arrangement and the omputational model
In order to evaluate the propagation of inhomogeneous deformation and to study the
inuene of the mirostrutural mehanisms to this proess, old drawing experiments
on PC were performed. Based on the experiments, the auray of the EBPA model
and its numerial implementation are also evaluated. Cold drawing, also termed nek
propagation, is a standard tehnique whih is used to produe anisotropi harateristis
and hardening in polymers. The test speimen under onsideration is dumbbell-shaped,
and a layout of the testing arrangement is depited in Fig. 7.9. The details of the speimen's
geometry are speied in ISO 527-2. The displaement at y = 0 is xed by a grip and the
displaement at y = L during drawing is presribed by a onstant deformation rate. Sine in
essene propagation of plasti instability along the speimen is a mehanial phenomenon,
isothermal onditions are assumed to prevail. To restrain an inrease in temperature due
to the dissipative heating, a slow ross head speed u˙ = 2 mm/min was used in the test. The
elongation was restrited to u = 40 mm to prevent loalized deformation at the interfae
of the gauge setion and the grips. Unloadings to dierent dwell levels were performed at
a onstant rate 1 kN/min. During the tests, the displaement u and the applied load f
were monitored. The tests were performed by using the Instron
©
5967 tension/ompression
eletromehanial testing mahine equipped with a variety of load ells. The mahine gives
a fore measurement with error less than 0.5% of the reading down to 1/500 of load ell
apaity, 30 kN. The testing mahine was ontrolled by Blue Hill 3 software. The software
was used to make three types of tests for the speimens:
1. The test speimen is drawn until the elongation of u = 15 mm or u = 40 mm is
reahed. The drawing is followed by unloading to zero stress. Finally, the speimen
is relaxed for one month.
2. As with the rst test onerning the elongation up to u = 40 mm, but several loading
yles are performed involving unloadings to f = 60 N. Unloadings are initialized at
progressively inreasing levels u = 2.0 mm, u = 8.4 mm, u = 15.8 mm and u = 39.3
mm. The rst three unloadings are followed by a dwell period of 120 s when the load
level is kept at onstant.
3. As with the seond test, but the dwell level of f = 1000 N is applied.
In addition, the rst test was reorded by a digital amera whih aquired the images of
the deformed shape at intervals of one millimeter.
Tomita (1999) and also Miehe et al. (2009) investigated the thikness-redution of the
dumbbell-shaped PC-speimen during a old drawing experiment. The experimental re-
sults obtained using optial measurements showed that the thikness-redution of the sam-
ple remains small until the deformation starts to loalize. The thikness-redution reahed
its maximum value of 20-25% (≈ 1 mm) being onstant over the loalized zone. Aording
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Figure 7.9: The layout of the test arrangement. The test speimen under study is dumbbell-
shaped, the geometry is given by H/L ≈ 0.90, w/L ≈ 0.17, w2/L ≈ 0.09 and t/L ≈ 0.035 where t
denotes the speimen's thikness. Nek initiation is depited by y¯. The details of the speimen's
geometry are speied in ISO 527-2. The tests were performed in the Laboratory of DMS at TUT.
to our tests, the redution of the width in the gauge setion was virtually the same, 22% (≈
2.2 mm). Wu and Van der Giessen (1995) investigated inuene of a redution of the ross
setional area (geometri softening) in relation to the intrinsi softening. Even though the
thikness-redution was moderate, the intrinsi softening dominated the loalization phe-
nomenon involving nek pattern and the rate of nek propagation. Moreover, the thikness
of the speimen in relation to the other dimensions an be onsidered relatively large and
thus plane strain ondition is assumed to be suitable for the alibration.
Sine the initial amorphous struture of the material in the model is onsidered as
homogenous, the loalization is triggered by introduing a small initial imperfetion
∆w2 = w2ξ0 (7.7)
so that the width of the gauge setion at y = y¯ is w2 − ∆w2, f. Fig. 7.9. In the rst
experiment, nek was initiated near the enter of the speimen, i.e. y¯ = L/2, whereas in the
seond and the third experiment nek started to propagate at y¯ = 0.55L. In the numerial
analysis, only a quarter and a half of the speimen are modeled beause of the symmetry
of the geometry and boundary onditions. The nite element disretization employed is of
a mesh with 196 and 392 4-node plane elements, respetively. Moreover, there exist several
studies that show the initial response of amorphous polymers to be heterogeneous. Tomita
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Figure 7.10: Eet of a) the intensity ξ and b) the orientation hardening parameter CR and the
saturation value sss on the predited fore vs elongation response. The rest of the parameters
are listed in Table 6.2. The deformed meshes for ξ = 0.03 and for the ratio CR/s0 = 0.1675
are visualized by the plasti streth λ¯pec at the end of loading. The initial mesh is also disturbed
aording to (7.7) using the intensity ξ0 = 0.002.
and Uhida (2003) proposed that the heterogeneity should be taken into aount either
by the inhomogeneous distribution of hain density or by the initial heterogeneous shear
strength distribution. In the EBPA model, the hain density is inluded in the modeling
of kinemati hardening via the bakstress, whereas the shear strength s1 evolves aording
to (6.2). In addition to the width redution (7.7), the initial shear strength distribution in
the EBPA model is disturbed by the following form
∆s0 = ξs0 cos
(π(y¯ − y)
y¯
)
, s0 = s0 −∆s0, (7.8)
where ξ is the intensity, f. Wu and Van der Giessen (1995).
7.4.2 Calibration for inhomogeneous deformation
As well as the material of the test speimen (Lexan
r
223R) diering from the PC-polymers
given in Tables 6.1 and 6.2, the loalization phenomenon whih was disussed in Se. 7.3
neessitates that some of the material parameters needs to be alibrated to the data of the
old drawing experiment. The alibration is initialized using the BPA-PC parameters for
homogeneous deformation given in Table 6.2.
The inuene of the intensity ξ, the orientation hardening parameter CR and the sat-
uration value sss on the predited f − u response is shown in Fig. 7.10. As the intensities
sss/s0 and CR/s0 derease, the response shows stronger intrinsi softening, whereas no
signiant eet due to the hange of the intensity ξ an be observed, f. also Wu and
Van der Giessen (1995). It is also found that the loalized zone does not extend but is
onentrated during further elongation. However, experimental investigations show that
the plasti instability (neking) does not ontinue to loalize, but tends to propagate along
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Figure 7.11: Inuene of a) the saturation value sss and the hardening slope h1 and b) the ratios
mu/ml and c1/c2 on fore vs elongation response. In b), the deformed mesh at the end of loading
is visualized by the hain density m/m0. The intensity of the initial imperfetion in (7.7) is set
to be ξ0 = 0.002 while ξ = 0 in (7.8).
the sample, f. G'Sell and Jonas (1979), G'Sell and Gopez (1985), Arruda and Boye
(1990a) and Wu and Van der Giessen (1995). If higher values for CR/s0 and sss/s0 are
applied while the rest of the parameters are kept the same, nek does not stabilize and
the response shows only a gradual softening slope. As it is pointed out in Fig. 7.11(a),
high values of h1 result in a deep post-yield drop and ompensate for the redued softening
slope as the values of CR/s0 and sss/s0 are inreased.
In addition to the strain softening behavior, we will now study the inuene of the
number of entanglements to the loalization phenomena. The evolution equation for the
number of entanglements is given by (6.7). As the ondition ml/mo < mo/mu is satised,
and the ratio c1/c2 is hosen to be large enough, the inuene of the shear deformation
redues with regard to tension. Fig. 7.11(b) presents the eet of the intensities mu/ml
and c1/c2 on both the f − u response and the evolution of the hain density. A raise in
the values mu/ml and c1/c2 in (6.7) results in an inrease in the hain density while the
number of statistial links N dereases. Aording to the model assumptions, this denotes
that the polymer hains extend and align with the loading diretion while ompression
perpendiular to the hain diretion inreases. Despite the use of a relative-large range
of the model parameters, the simulations indiated that the growth of the hain density
within loalization is minor (≈ 5%) and only a small hange in the f − u response an be
observed.
One the alibrated values c1 = c2 = 0, h1 = 720 MPa, sss = 77 MPa and s0 = 96
MPa for monotoni loading have been found, the inuene of the visosity η on the model
response for yli loading is studied, f. Fig. 7.12. During the rst yle, the response is
visoelasti and unlike in the experimental data, some reep an be observed. Creep tends
to inrease as the visosity dereases. In large strains, reep is progressively replaed by
reovery. The higher values of the visosity and the dwell stress are applied, the smaller
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Figure 7.12: Inuene of the visosity η on the fore vs elongation response at two dierent dwell
levels a) f = 1 kN and b) f = 60 N. In the simulations, the tting c1 = c2 = 0, E = 2550 MPa,
sss/s0 = 0.80 and h1 = 720 MPa is employed. The rest of the parameters are listed in Table 6.2.
The intensities of the initial imperfetions in (7.7) and (7.8) are set to be ξ0 = 0.002 and ξ = 0,
respetively.
amount of reovery an be observed. The inuene of the visosity on the large-strain
response is relatively small during monotoni loading but it dominates the response prior
to the maro-yield point as well as reovery at both dwell levels f = 60 N and f = 1
kN. Reovery is most aurately predited by a relatively high value η = 1.5 · 105 MPas
while the Young's modulus needs to be redued to E = 2550 MPa to better apture the
initial response. It should be notied that the experimental response for old drawing an
be aptured fairly well using the alibrated parameters for plane strain simple shear, f.
Table 7.2.
7.4.3 Evaluation of the model results
During the tests, the displaement u versus applied load f was monitored. The experi-
mental response as well as both the EBPA and the BPA model responses are presented in
Figs. 7.13 and 7.14. Apart from the realibrated softening parameters s0 = 92 MPa and
sss = 69 MPa, the BPA model response is obtained using the material parameters given in
Table 6.2. Aording to the EBPA model, the yield point is reahed at u ≈ 5.5 mm whih
slightly diers from the experimental data thanks to the relatively high visosity applied to
the model. Due to the elasti onstitutive desription, the BPA model predits almost lin-
ear initial response and as a result, the displaement at the yield point is underestimated.
One the yield point is passed, the responses show a signiant drop in fore, whih is due
to softening in the material. During ontinued deformation, the loalized zone extends
more or less at onstant fore, whih indiates that stable nek is present, f. Stokes and
Nied (1986).
A omparison of Figs. 7.13 and 7.14 reveals that the magnitude of reovery dereases
as the dwell level inreases. In ontrast to the EBPA model, unloadings to f = 60 N are
102 7 Investigations on inhomogeneous deformation state
0 10 20 30 400
500
1000
1500
2000
2500
Experimental data
EBPA model
PSfrag replaements
u [mm℄
f
[
N
℄
PSfrag replaements
[mm℄
[N℄
0 10 20 30 400
500
1000
1500
2000
2500
Experimental data
BPA model
PSfrag replaements
[mm℄
[N℄
u [mm℄
f
[
N
℄
PSfrag replaements
[mm℄
[N℄
[mm℄
[N℄
a) b)
Figure 7.13: Comparison of a) the EBPA and b) the BPA model with the experimental PC-
response. A dumbbell-shaped speimen is subjeted to the extension at a ross-head speed u˙ = 2
mm/s. The unloadings are performed to f = 60 N followed by the dwell period of t = 120 s. In
the BPA model response, the arrow indiates an additional loop. The deformed shapes at the end
of loading are visualized by the plasti streth λ¯pec.
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Figure 7.14: Comparison of a) the EBPA and b) the BPA model with the experimental PC-
response. A dumbbell-shaped speimen is subjeted to the extension at a ross-head speed u˙ = 2
mm/s. During the dwell period of 120 s, the fore f = 1000 N is kept at onstant. The deformed
shapes at the end of loading are visualized by the plasti streth λ¯pec.
not satisfatorily aptured by the BPA model whih predits an almost elasti response
during the seond yle and a premature Bauhinger eet during the last unloading to
zero stress. If an additional loop is performed, only a small yli shift of the hysteresis loop
during this last unloading an be observed, i.e. the BPA model shows the saturated state
of hardening, f. Fig. 7.13(b). Comparison also reveals that the BPA model in relation
to the EBPA model results in less plasti strething and more diuse nek. The dierene
tends to inrease as the dwell level is redued. Unlike with the model responses, small
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Figure 7.15: a) Comparison of the EBPA model and the experimental PC-response involving long-
term dwell. b) The displaement u vs time during the dwell period of one month. The markers •
and  (almost superposed) indiate the elongations at 60 s, 300 s, after one week and after one
month aording to the EBPA model and the experiment, respetively. The deformed shape at
the end of the loading phase is visualized by s2/s0.
peaks during reloadings an be observed in the experimental response. However, the peaks
our in a narrow strain regime and do not inuene the subsequent deformation behavior.
It an be onluded that the models are able to apture the harateristi features of load-
elongation response during monotoni loading. In ontrast to the BPA model, the EBPA
model aptures not only the elongation where the softening is initialized, but also amount
of softening as well as reovery during the dwell periods at presribed fores.
In order to investigate the amount of relaxation, the speimen is drawn until the elonga-
tion u = 15 mm is reahed and then the load is linearly removed. Both the fore-elongation
response and the elongation versus time are depited in Fig. 7.15. During relaxation, the
length of the speimen is measured at four dierent phases: t = 60 s, t = 300 s, after
one week and after one month. As shown, the EBPA model aurately aptures the ex-
perimental data through the whole relaxation period. The new variable s2, whih in the
EBPA model ontrols isotropi hardening in the material, inreases along with the plasti
deformation and reahes onsiderable values ranging 0.10−0.15s0. Similar to homogeneous
deformation, we onlude that the amount of isotropi hardening in relation to kinemati
hardening inreases aording to the EBPA model, and as a result, long-term reovery is
signiantly redued.
The development of inhomogeneous deformation during the rst test is presented in
Fig. 7.16. The average plasti streth λ¯pec, dened by (4.105), is hosen to visualize the
phenomenon. For omparison, the images reorded during the rst test are presented
in Fig. 7.17. The seleted stages of deformation depit the initiation, stabilization and
propagation of nek. As the neked region approahes the grips, the f−u response exhibits
hardening again. In small strains below the maro yield point, the material behavior is
visoelasti and the streth eld is uniform. Further extension develops inelasti strain
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Figure 7.16: a) The geometry and nite element mesh of a dumbbell shaped speimen. The
deformed shapes are visualized by the plasti streth λ¯pec at three dierent phases: b) u = 10 mm,
) u = 20 mm and d) at the end of the last unloading. The simulation using the EBPA model is
performed at onstant deformation rate u˙ = 2 mm/min at room temperature. In the simulations,
the tting, ξ = 0, ξ0 = 0.002, c1 = c2 = 0, E = 2550 MPa, sss/s0 = 0.80, η = 1.5 · 105 MPas and
h1 = 720 MPa, was used. The rest of the parameters are listed in Table 6.2.
Figure 7.17: Snapshots of a dumbbell shaped test speimen during elongation: u = 6 mm, u = 20
mm, u = 30 mm, u = 40 mm, u = 50 mm, u = 60 mm and u = 70 mm. The test was performed
at a onstant ross-head speed u˙ = 2 mm/min at room temperature.
loalization in the material, whih extends from the enter of the speimen towards the
grips, f. phases (b-d) in Fig. 7.16. The loalized zone is not onentrated but expands
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Figure 7.18: a) Comparison of the experimental and the EBPA model responses for two- and
three-dimensional deformation. b) The thikness-redution ratio t/t0 at x = 0 and y = (L+u)/2.
) The development of s1, s2 and the plasti streth λ¯
p
ec in the middle of the speimen. The markers
• and + indiate the thikness ratio aording to the model and the experiment, respetively. The
deformed shapes during the stabilized nek, u = 15 mm and u = 20 mm, are visualized by λ¯pec.
through the gauge setion, i.e. the nek is rather diuse. Comparison of Figs. 7.13, 7.14,
7.16 and 7.17 reveals that, aording to both the BPA model and the experiment, the
loalized zone extends and reahes the end of the gauge setion more rapidly than in the
EBPA model. The deformed shapes are haraterized by a smooth width redution whih
is initialized at the enter and moves towards the grips during elongation. Compared to
the EBPA model result, the test speimen exhibits a rather sharp nek prole, whih is
probably due to the negleted volume hanges (geometri softening) assoiated with the
three-dimensional deformation, f. Wu and Van der Giessen (1995), Steenbrink et al.
(1997) and Zaïri et al. (2008).
In order to investigate the thikness-redution and its inuene on the marosopi
load-elongation response, the simulation was performed using a three-dimensional nite-
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element ode where the EBPA model was employed. The nite element disretization is
of a mesh with 8-node linear hybrid brik elements (onstant pressure). In addition to
the displaements, the logarithmi strain eld ǫ in the loading diretion is monitored. Fig.
7.18(a) shows the inuene of the deformation mode on the f − u response. Even though
the model responses slightly dier during the softening phase, the results are virtually
indistinguishable one nek has been stabilized. Fig. 7.18(b) shows a rapid derease
also in setion thikness, whih is due to softening in the material. Sine the relative
thikness redution is almost equal with the relative width redution (≈ 22%), geometri
softening whih appears as the dierene between the true and the nominal stress responses
is signiant. With further elongation, the thikness-redution reahes a plateau at almost
the same phase with the axial fore indiating stabilization of neking. As shown, the
thikness-redution in relation to the elongation is small, (t0 − t)/u ≈ t0/H where t0 and
t are the initial and urrent thikness, respetively. Moreover, the softening/hardening
behavior in the material is very similar to that observed under uniaxial ompression, f.
Figs. 6.9(b) and 7.18().
The deformed shapes of the test speimen are also presented in Fig. 7.18. A omparison
with Fig. 7.16 reveals that the deformation mode has not marked inuene on the nek
propagation and the intensity of plasti strething under hange of the modes remains
almost unaltered. G'Sell et al. (2002) onduted tensile tests on amorphous PET that
indiated the importane of strain-indued volume hanges on plasti instability due to
the damage proesses. They onluded that the kinetis of plasti instability (the rate of
nek growth) is a ombination of the shear band propagation and damage evolution.
7.5 Investigation of void growth
It is widely aknowledged that the marosopi mehanial behavior of amorphous glassy
polymers stems from three major mirostrutural harateristis: the number of entan-
glements and statistial links between the entanglements, the growth of shear bands, and
the extent of free volume around the hain moleules, f. e.g. Argon (1973), Hasan and
Boye (1995), Steenbrink and Van der Giessen (1998b) and Anand and Gurtin (2003).
However, most of the urrent models are based on the assumption that the plasti defor-
mation only evolves beause of the development and propagation of shear bands without
volume hanges. The objetive of this setion is to investigate the amount of void growth,
the shear band formation in the ligaments between the voids and the possibility to void
oalesene during deformation. Here, the onept of free volume is employed to desribe
the voids or the loosely paked regions in the PC under onsideration. In ontrast to
rubber-toughened polymers, the void is onsidered as oneptual with no lear physial
interpretation. However, sine the voids are evenly distributed in the material, the growth
of voids is approximated by using the models whih are onventionally applied to the mod-
eling of void growth due to avitation of small rubber partiles (seond-phase partiles) or
impurities present in polymer-rubber blends. An example of these polymer blends is PC in-
orporating small polyarylonitrile-butadiene-styrene (ABS) partiles, f. e.g. Pijnenburg
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Figure 7.19: Transmission optial mirograph of shear bands whih form a honeyomb network
in a PET sample subjeted to uniaxial tension. Sanning eletron mirograph on the right side
shows razes of about 1 µm in length. The tensile axis is vertial. After G'Sell et al. (2002), Figs.
7-8.
et al. (2005).
Onset of the volume hanges in amorphous glassy polymers are the growth and oa-
lesene of existing voids in addition to the nuleation and growth of new voids. G'Sell
et al. (2002) investigated the inuene of damage (razing, avitation of rubber partiles
and miro-raking within the matrix material) on the plasti deformation and stability
in PET and high-impat polystyrene (HIPS). Based on the optial mirographs, f. Fig.
7.19, they onluded that shear bands are nuleated from the tips of existing razes, rather
than the razes being nuleated at the intersetion of ne shear bands. To trigger a tran-
sition from razing to shear yielding, some heterogeneity, whih relieves the build-up of
high hydrostati stress, is needed in the amorphous struture, f. Melik (2003). They
also showed that the thikness of the ligaments within the struture is ruial. As a re-
sult of the damage proesses, volume strains in relation to total strains, i.e. the plasti
dilatation, was found to be signiant. G'Sell et al. (2002) onluded that the onset of
plasti deformation is razing and the plasti stability is essentially ontrolled by dam-
age proesses. Mahajan et al. (2010) onduted MD simulations to investigate the role
of deformation-indued disentanglement to void nuleation in amorphous glassy polymers.
They onluded that disentanglement inreases under highly triaxial stress states, whih
results in void nuleation being inreased. They also pointed out that porous regions are
reated at the loations where almost all the polymer hains have slipped away exept a
few that are rmly anhored at their ends and pulled taut, f. Fig. 7.7.
Due to the existene of voids around the hain moleules, the yield behavior of amor-
phous glassy polymers depends on hydrostati pressure. In subsequent onsiderations,
damage is asribed to the distributed growth of void volume during plasti deformation.
The damage mehanism is shematially illustrated in Fig. 7.20. During nuleation and
initial growth of voids, the deformation is onsidered as homogeneous. One the oales-
ene of voids is initialized, the transformation to the loalized deformation phase takes
plae.
Miromehanial models are frequently invoked to investigate the bifuration away from
a nominally uniform state of deformation. The following features should be inluded in
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Figure 7.20: A shemati representation of the dilatational damage mehanism: a) nuleation of
voids, b) void growth, ) initialization of void oalesene and d) the oalesed voids. The gure
is modied from the original taken from Alibadi (2001).
models suitable for multi-phase polymers:
- A geometri desription of a representative volume element (RVE) used to embody
the essene of the mirostruture under study.
- The onstitutive desription of the mehanial behavior of eah phase.
- The onstitutive desription of the phase interfaes.
- A treatment of homogenization for prediting the marosopi mehanial behavior
of the RVE.
With regard to the onept of free volume, only the onstitutive model for the matrix
material (PC) is of an interest and needs to be dened. The interfae between the void
and the matrix material is modeled as a tration-free boundary for the matrix phase. It
is also assumed that eah RVE deforms periodially, being idential to the neighbors. In
order to ensure the ompatibility of suh a deformation eld, periodi boundary onditions
are also imposed on eah RVE. The growth of voids by the the plasti deformation in
propagating shear bands is studied on the basis of nite element analyses of the planar
RVE approah, also referred to as a Simple Square Array (SSA) or a planar ell model.
The planar ell model has been shown to yield suiently aurate preditions for the
marosopi behavior of the two-phase aggregate as long as the triaxiality of the stress
state is low, the void volume fration is low (< 8%) and the response is not dominated by
the interation between the voids, f. Steenbrink and Van der Giessen (1998b) and Sorate
and Boye (2000). Aording to this model, unit ells represent a material with a doubly
periodi paking of ylindrial voids, f. Fig. 7.21. The initial irular ross setion of the
voids is hosen for omputational onveniene.
The diretions of the prinipal marosopi stress align with the oordinate axes x1, x2
and x3 and the initial dimensions of the ell in x1- and x2-diretions are given in terms
of the half-spaings b0 and h0, respetively. The initial radius of the void is denoted by
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Figure 7.21: Illustration of the planar ell model for a periodi material involving ylindrial voids.
Due to the symmetry, the meshed area is onsidered in the nite element analyses. The gure is
modied from the original taken from Steenbrink and Van der Giessen (1998b).
a0. Sine the plane strain ondition prevails, the strain rate E˙3 vanishes. Due to the
symmetry, only the meshed region needs to be analyzed. Sine the region is subjeted to
the far-eld tension, the boundaries are assumed to remain straight during deformation
without shear trations. The deformation rate u˙2 on the boundary x2 = h is presribed by
a onstant applied strain rate E˙2 = u˙2/h where h is the deformed height of the ell, i.e.
h = h0 + u2. Similarly, b = b0 + u1 is the urrent width of the ell. In terms of the applied
loads f1 and f2, the marosopi prinipal stresses in the diretion of x1 and x2 are dened
as Σ1 := f1/h and Σ2 := f2/b, respetively. To investigate the inuene of the stress state
on void growth, the strain rate E˙1 at x1 = b is presribed so that
1. The nominal stress ratio or equivalently the ratio of the applied loads νR := f1/f2
remains onstant during deformation.
2. The true stress ratio νR := Σ1/Σ2 is kept onstant.
Applying Hooke's law in plane strain state, the rate of the prinipal stress Σ2 at eah
instant is presribed by the applied strain rate E˙2 aording to
Σ˙2 = Em(ν
u˙1
b
+ (1− ν) u˙2
h
) =
f˙2
b
− f2
b2
u˙1 (7.9)
where Em is an overall elasti modulus. As with the stress rate Σ˙2, the rate of the transverse
prinipal stress Σ˙1 is presribed via the applied strain rate E˙2 as
Σ˙1 = Em(ν
u˙2
h
+ (1− ν) u˙1
b
) =
f˙1
h
− f1
h2
u˙2. (7.10)
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Due to the elasti isotropy, the overall elasti moduli in eah diretion are taken to be
equal with Em. Let us rst onsider a onstant nominal stress ratio. Based on (7.9) it is
possible to extrat f˙2, and its substitution into (7.10) together with f˙1 = νRf˙2 yields
u˙1 =
b
h
νR(1− ν − fˆ2)− νh/b
(1− ν)h/b− νR(ν + fˆ2)
u˙2. (7.11)
In (7.11), the dimensionless variable fˆ2 := f2/Emb was introdued. Aording to the
Goodier (1933) solution for elasti media, the highest value of the eetive stress τ ours
at the equator of the void, i.e. at x1 = a0. Therefore, the plasti deformation is initialized
at the equator. Sine fˆ2 ≪ ν, the solution is not sensitive to the value of the overall elasti
modulus Em and it is hosen to be onstant. Aording to the simulations, the values
ranging from Em = 900 MPa to 3000 MPa have no marked inuene on the marosopi
stress-strain response under onsideration. Moreover, the void volume fration has only
a small inuene on the elasti material properties in porous media, f. Steenbrink et al.
(1997). Aording to Hooke's law for plane strain state, Em = E/(1 + ν)(1− 2ν).
Let us now onsider a onstant true stress ratio. Sine f1 = νRhf2/b, the loading rate
in the x1-diretion beomes
f˙1 = νR
h
b
(f˙2 + f2
u˙2
h
− f2 u˙1
b
).
One the loading rate f˙2 is solved from (7.9), substitution of f˙1 and f˙2 into (7.10) results
in
u˙1 =
b
h
νR − ν(1 + νR)
1− ν(1 + νR) u˙2. (7.12)
In ontrast to the onstant nominal stress state, the veloity u˙1 under a onstant true
stress state does not expliitly depend on the load f2. The only dimensions involved in
the model are the initial radius a0, the width b0 and the height h0. Considering b0 = h0,
the solution only depends on the ratio a0/h0 whih an equivalently be given by the initial
void volume/area fration
fv0 =
dVv0
dVc0
=
πa20
4b0h0
=
π
4
(a0
h0
)2
(7.13)
where dVv0 and dVc0 are the initial void volume and the elementary apparent volume of the
material, respetively, f. Steenbrink and Van der Giessen (1998b) and Zaïri et al. (2008).
In order to desribe the marosopi distortion, an overall eetive strain Ee is dened as
Ee :=
√
2
3
(E ′i)
2
(7.14)
where E ′i := Ei−1/3
∑
iEi, i = 1, 2, 3. Moreover, the marosopi eetive stress is dened
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in terms of the prinipal deviatori stresses as
Σe :=
√
3
2
(Σdevi )
2. (7.15)
Under plane strain state, the expressions of Ee and Σe beome
Ee =
2
3
√
E21 −E1E2 + E22 and Σe =
√
3
2
|Σ2 − Σ1|.
For later purposes, let us dene a marosopi shear rate as Γ˙ := 1/
√
2E˙2, whih represents
the applied shear strain rate for the material without voids.
The EBPA model is employed in the nite element analyses, the onstitutive parameters
being given in Table 7.2. To aurately resolve the development of thin shear bands, a
very ne mesh, espeially near the equator x1 = a0, would be needed. The element mesh
onsisting of 566 4-node plane elements has been found to meet the ase for nding the
main harateristis of the shear band patterns and the magnitude of void growth during
the deformation proess. The size of the initial voids is assumed to be a0/h0 = 0.2, whih
aording to (7.13) orresponds to the initial void volume fration, fv0 = 0.03. The larger
values are relevant for rubber-polymer blends in whih avitation of the rubber partiles
ours. In order to apture the stress state in the speimen during the old drawing proess,
the stress triaxiality ratio νR is assumed to be relatively low. The two values νR = 0 and
νR = 0.3 are onsidered as representative in the gauge setion.
7.5.1 Shear band patterns
The normalized plasti shear rate γ˙p/Γ˙ is used to desribe the shear band pattern during
deformation. The distribution of γ˙p/Γ˙ in the ell for the PC-material under study is shown
in Fig. 7.22. Aording to the simulations, the dierene between the γ˙p/Γ˙-distributions
under the onstant nominal and true stress states an be onsidered as small, so the nominal
stress state is hosen to illustrate the loalization phenomena. Under both the triaxialities
νR = 0 and νR = 0.3, the plasti deformation rst loalizes at the equator of the void and
then rapidly expands around the void. Initially the shear band pattern is uniform involving
a single band whih appears at approximately 45◦ relative to x2-diretion. In view of the
shape, these inlined shear bands are termed "wings" and they an frequently be observed
under low triaxial loadings, f. Sue and Yee (1988) and Steenbrink and Van der Giessen
(1998b). During ontinued deformation, the material inside the band rst softens and
then hardens due to the strething and alignment of the hain network. One the stress
inside the band beomes large enough, the surrounding material yields and results in the
initiation and propagation of new bands.
Under low triaxiality, νR = 0, two distint and parallel shear bands have developed at
Ee = 0.10, f. Fig. 7.22(a). Even though delayed, a very similar propagation of wing-
shaped bands an also be observed for higher triaxiality loading, νR = 0.3, f. Fig. 7.22(b).
During further deformation, more shear bands appear until they arete and form several
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Figure 7.22: Deformed shape of the void with the initial size a0/b0 = 0.20 for low triaxial stress
states a) νR = 0 and b) νR = 0.3 at three dierent phases, Ee = 0.05, Ee = 0.10 and Ee = 0.20.
The deformed meshes of the ell are visualized by the normalized plasti shear rate γ˙p/Γ˙. The
material data for PC is given in Table 7.2. The applied strain rate is E˙2/γ˙0 = 1.2 · 10−19.
disrete zones. As is shown in Fig. 7.22, the region of the loalization extends through
the ligament leading to a strong interation between the neighboring voids. As a result
of inhomogeneous deformation, the void grows into a strongly prolate shape while the
material is drawn into the ligament between the voids. As was mentioned above, the unit
ell model annot aurately predit the pattern of loalized deformation in this phase.
Better agreement may be obtained, e.g., with the RVEs based on a staggered square array
whih is the two-dimensional analog to a three dimensional BCC-lattie (Body Centered
Cubi array of voids), f. e.g. Steenbrink and Van der Giessen (1998a) and Sorate and
Boye (2000) for more detailed aount.
Void growth and softening/hardening harateristis
During deformation, the applied fore f2 is also monitored and the orresponding maro-
sopi eetive stress Σe versus the eetive strain Ee responses for dierent stress states,
as well as parameter values h1 and sss, are shown in Fig. 7.23(a). As the stress triaxiality
ratio inreases from zero to 0.3, a marked drop in the the Σe−Ee response an be observed,
whereas the inuene of the softening slope h1 on the response an be regarded as small.
In ontrast to the inuene of h1, a redution of the saturation value sss onsiderably de-
reases the eetive stress Σe one the yield peak is reahed. As it is shown in 7.23(b),
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Figure 7.23: Eet of the stress state and the parameters h1 and sss on a) the marosopi eetive
stress-strain response and on b) void volume fration-eetive strain response for PC. The initial
void size a0/b0 = 0.20 orresponds to the initial void volume fration fv0 = 0.03. Rest of the
parameters used in the simulations are listed in Table 7.2.
the triaxiality also strongly inuenes void growth: the higher the triaxiality is applied
the faster the growth. Unlike with the overall eetive stress response, void growth is
substantially aelerated by the softening slope h1 whereas the inuene of the saturation
value sss on the fv −Ee response remains relatively small. Moreover, the true stress ratios
in onjuntion with the high value h1 = 720 MPa lead to an unrealisti void growth. A
redution of h1 results in the dierene between the fv − Ee responses at dierent stress
states is onsiderably redued. As the higher triaxiality νR = 0.3 and the lower value of
h1 = 500 MPa are applied, void growth is approximately 10%, whih an be onsidered
realisti for the PC under study. It an be onluded that the stress state in the ell is
similar to the onstant nominal stress state rather than to the onstant true stress state,
the overall stress triaxiality remains low during deformation and the softening slope should
be substantially redued.
A omparison of Figs. 7.22 and 7.23(a) reveals that the rst shear band is initialized
one the marosopi eetive yield stress is reahed. Under uniaxial marosopi tension
νR = 0, softening inside the band appears as a drop in the Σe − Ee response, whereas the
response for νR = 0.3 only exhibits a redued hardening. Hardening of the material takes
plae sine the portion of the loalized zone ompared to the visoelasti region at this
phase is small. During ontinued deformation, the region of loalization expands while the
marosopi response shows a redution, this being due to the stronger intrinsi softening
inside the new bands ompared to hardening within the highly onentrated regions.
Inuene of the entanglements and hydrostati pressure in ligament
Based on the evolution equation (6.7), the role of the entanglement density in the propaga-
tion of shear bands and void growth is investigated. Fig. 7.24 pertains to the PC-polymer
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Figure 7.24: Deformed shape of the void with the initial size a0/b0 = 0.20 for low triaxial stress
state νR = 0 at three dierent phases, Ee = 0.05, Ee = 0.10 and Ee = 0.20. The deformed meshes
of the ell are visualized by the relative hain density m/m0.
under low triaxial stress state νR = 0 and the initial void volume fration fv0 = 0.03 as the
number of entanglements is allowed to vary. Aording to the simulations, the number of
entanglements has only a small inuene on the deformation behavior in relatively small
strains, i.e. the distribution of the normalized plasti shear rate γ˙p/Γ˙ aurately onforms
to the two rst distributions in Fig. 7.22(a). Thus, the deformed mesh is only visualized
at the last phase Ee = 0.20 by γ˙
p/Γ˙, f. Fig. 7.25(b). Moreover, the deformed meshes
of all three dierent phases Ee = 0.05, Ee = 0.10 and Ee = 0.20 are visualized by the
relative hain density m/m0, f. Fig. 7.24. A glane at Fig. 7.22(a) reveals that the
strongest growth of the entanglement density initially appears within the shear bands. In
ontrast to the formation of shear band patterns during further deformation, the region
with the highest entanglement density does not divide into two parallel zones but remains
ontinuous and widens in its lateral diretion. Under the largest strain Ee = 0.20, the
distribution of the entanglement density onsiderably diers from shear band propagation.
However, similar to the shear band pattern, the growth of the entanglement density beyond
the equator of the void is small, ranging between 0.5% - 2%.
Let us then onsider the eetive stress-strain responses in Fig. 7.25(a). As shown, an
inrease in the number of entanglements leads to a slightly redued initial overall stiness.
One the strain level Ee ≈ 0.12 is passed, the eetive stress-strain response for an inreased
entanglement density shows a small inrease in eetive stress meanwhile the response for
the onstant entanglement density shows redution. The dierenes between the responses
an be explained by the softening behavior. In omparison with the plasti shear rate in
Fig. 7.22(a), the intensity of the loalization phenomenon, and as a result the amount of
intrinsi softening, are substantially redued and only a one sharp shear band around the
void an be observed, f. Fig. 7.25(b). It an also be observed from Figs. 7.22(a) and 7.24
that the size and shape of the void are almost unaeted by the present hanges in the
entanglement density.
Fig. 7.26 presents the distribution of the hydrostati pressure p for the low triaxial
loading states νR = 0 and νR = 0.3 at Ee = 0.20. Similar to purely elasti mean stress
elds, f. Goodier (1933), the highest absolute values of p are found at the equator of the
void. Moreover, the values around the void are approximately 20% larger for νR = 0.3
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Figure 7.25: a) Inuene of the number of entanglements on the marosopi eetive stress-strain
response. b) Deformed mesh at Ee = 0.20 for low triaxial stress state νR = 0 is visualized by
the the normalized plasti shear rate γ˙p/Γ˙. The initial void size a0/b0 = 0.20 orresponds to the
initial void volume fration fv0 = 0.03. The rest of the parameters used in the simulations are
listed in Table 7.2.
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Figure 7.26: Distribution of the hydrostati pressure p/s0 = −1/3trace(Σ)/s0 for low triaxial
nominal stress states a) νR = 0 and b) νR = 0.3 at Ee = 0.20. ) Mean stress σm := −p
distributions for νR = 0.3 beyond the equator at x2 = 0. The solid line orresponds to the
distribution in b) meanwhile the dot-and-dash line represents the distribution near the maximum
of Σe at Ee = 0.12, obtained by using a very ne mesh. The initial size of the void is a0/b0 = 0.20.
than under uniaxial marosopi tension, νR = 0. Fig. 7.26() shows the inuene of the
mesh on the mean stress σm (σm := −p) distribution along the equatorial plane at x2 = 0.
Owing to the highly onentrated plastiity in the ligament, the elasti mean stress eld
is disturbed and high values of σm beyond the equator an be found by using a ne mesh.
Sine neking is losely related to high mean stress onentrations, f. Steenbrink et al.
(1997), nek propagation in the ligament between the voids may be possible during further
deformation. At the present instant, however, the deformed shape of the void is prolate
rather than oblate whih impliates that the ligament elongates without neking.
The numerial results also show that the hydrostati pressure around the void rapidly
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inreases and, one the yield point is passed, reahes relatively stable values, ranging be-
tween 1.0s0− 1.2s0. Assuming that the initiation of raze is ontrolled by the value of the
hydrostati pressure during initial yielding, void growth is attributed to razing around the
voids. Under suh irumstanes, some of the moleules break and the mirostruture of
the polymer around the voids alters substantially. As a result, the pronouned loalization
within the ligaments and razing around the voids inrease the interation between the
voids, whih may lead to ollapse of the ligament by neking and eventually to oalesene
of neighboring voids. As a onsequene, void oalesene in relation to void growth sub-
stantially inreases in large strains, and this property should be taken into aount in the
models.
7.6 Investigation of the damage behavior
Amorphous glassy polymers exhibit several damage proesses suh as razing, avitation
of rubber partiles, or impurities and miro-raking within the matrix material. In this
ontext, damage is asribed to the distributed growth of void volume (inreased porosity)
and razing during loalized deformation. Conerning void growth, many of the inelasti
damage models available for amorphous glassy polymers are based on the expliit knowl-
edge of the yield surfae involving a large number of material parameters to be identied,
f. Gologanu et al. (1997), Seeling and Van der Giessen (2002), Pijnenburg et al. (2005),
Zaïri et al. (2008) and Zaïri et al. (2011). However, the damage proesses observed in
amorphous glassy polymers are omplex phenomena and their modeling seems to require
suh omplexity. The models developed for metals have initially been onsidered for that
purpose, f. Rie and Traey (1969) and Needleman and Tvergaard (1984). A widely used
dilatational plastiity model is the one introdued by Gurson (1977) and later modied
by Tvergaard (1981). The Gurson model is based on the assumption that the deforma-
tion mode of the material surrounding a void is homogenous. Aording to this model,
softening behavior in the material results from the growth of voids, i.e. the model does
not possess the intrinsi ability to predit loalized deformation by void oalesene. How-
ever, as it was pointed out in the preeding setion, the voids beome oalesed in very
large strains whih annot be ahieved e.g. during the old drawing experiment under
onsideration. Hene, the dierene between the model alibrations for homogeneous and
inhomogeneous deformation an be asribed to the nuleation and growth of voids instead
of void oalesene.
7.6.1 Modeling of void growth
In order to investigate the damage behavior aused by void growth, marosopi onsti-
tutive relations in the EBPA model are modied by using an augmented Gurson model,
whih also takes the nuleation of new voids into aount. The proposed model is formu-
lated in terms of the multipliative deomposition of the total deformation gradient into
an elasti and a plasti part and it is implemented in a nite element setting.
7.6 Investigation of the damage behavior 117
The damage evolution is assumed to be isotropi and it is represented by a void volume
fration fv = dVv/dVc, whih is the average measure of a void-matrix aggregate with the
initial value 0 ≤ fv0 ≤ fv < 1, f. (7.13). Sine the inelasti Gurson potential Φp ats as
both a yield funtion and a potential for plasti ow, the theory is onsidered as assoiative.
To better predit the instability in the material due to the interation of voids, Tvergaard
(1981) proposed a modied Gurson damage model in whih the inelasti potential is given
by
Φp(τ, σm, fv, σe) = τ
2 + 2fvq1σ
2
e cosh(
3
2
q2
σm
σe
)− σ2e(1 + q21f 2v ) (7.16)
where σm := 1/3trace(σ) is the marosopi mean stress. In aordane with the previous
approahes by Tvergaard (1981) and Beker and Needleman (1986), the mirosopi ee-
tive stress of the solid ligaments σe is introdued separately from the marosopi eetive
stress τ . The mirosopi eetive stress σe is determined from the ondition Φ
p = 0.
Based on the potential (7.16), the rate of plasti deformation is governed by the modied
normality rule
dp = Λ˙p
∂Φp
∂σ
(7.17)
where Λ˙p is a salar valued parameter dened below. The kinemati hardening eet is
inluded in the model via the marosopi eetive stress τ(σ˜), whih was dened by
(4.109). As with the BPA model, the intrinsi softening is modeled via the athermal shear
strength s1, whih is taken to evolve aording to (6.2).
In ontrast to the original Gurson spherial model for inompressible, rigid-plasti ma-
terial, Tvergaard (1981) suggested that the values q1 = q2 = 1 in (7.16) need to be replaed
by q1 = 1.5 and q2 = 1.0 to better apture bifuration away from the nominally homoge-
neous deformation. For amorphous glassy polymers, however, the onstant values of q1 and
q2 annot satisfatorily predit either void growth or the hange of the void shape during
deformation. To apture the expeted harateristis of void growth, Zaïri et al. (2008)
suggested that q1 and q2 should be onsidered as internal variables given by the following
empirial power laws:
q1 = q10(1 + cpv)
Nv , q2 = q20(1 + cpv)
Nv
(7.18)
where q10, q20, c and Nv are onstitutive parameters and pv denotes an internal variable
dened subsequently. The low values of q10 and q20 indiate weak interations between the
voids while softening in the material dereases, f. Zaïri et al. (2008). In the ow rule (7.17),
a salar parameter Λ˙p was introdued. This an be determined from equivalene between
the plasti power whih is dissipated into the porous media and into the orresponding
solid ligaments between the voids, i.e.
σ˜ : dp = (1− fv)
√
2σep˙v. (7.19)
In (7.19), p˙v denotes the eetive plasti strain rate, whih is hosen to be equal to the
plasti shear strain rate γ˙p given in (4.75). Sine γp is monotonially inreasing, f. Figs.
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6.9 and 7.18, the variables q1 and q2 given by (7.18) inrease during deformation. Moreover,
sine γ˙p > 0, a glane at (4.58) reveals that σe > 0. This ondition must be handled with
are, sine it is not generally satised by the solution of Φp = 0. It then follows from (7.17)
and (7.19) that
Λ˙p =
√
2(1− fv)σeγ˙p(σ˜ : ∂Φ
p
∂σ
)−1.
Based on the normality rule (7.17), the rate of plasti deformation takes the following form
dp =
√
2(1− fv)γ˙pσe(2τ 2 + Ξtrace(σ˜ ))−1(σ˜dev + Ξi),
Ξ := q1q2fvσe sinh
(3
2
q2
σm
σe
)
.
(7.20)
It should be notied that the ondition Φ = 0 yields σe = τ if q10 = q20 = 0, i.e. no
interation between the voids exists. Under this ondition, a realisti assumption is that
damage does not evolve, i.e. f˙v = 0 and the normality rule (7.20) is equal with (4.109) for
the plasti deformation through shear yielding. Compared to (4.109), (7.20) allows dilative
plasti ow to be evolved in the material.
The damage proess due to the presene of voids an be separated into the two phases,
f. Fig. 7.20(a-b) and (-d). First, the homogenous deformation takes plae with void
nuleation and growth, whih is followed by the loalized deformation due to void oales-
ene. The orresponding evolution law for the rst phase is additively deomposed into
the two parts
f˙v = f˙g + f˙n, fv(0) = fv0 (7.21)
where f˙g desribes the growth of existing voids under plasti strething being dened as
f˙g = 3(1− fv)Dph. (7.22)
In (7.22), Dph := 1/3trace(d
p) is the plasti volumetri strain rate. The nuleation of new
voids is assumed to be signiant but the proess is not well understood yet. It is a material
intrinsi property being dependent on the strength of the polymeri material as well as on
the size and shape of existing voids. Large voids usually nuleate new voids earlier than
small voids, and inlusions with dierent length sales may also lead to dierent nuleation
riteria, f. Zhang et al. (2000). To apture the aelerated damage due to the nuleation
of new voids, Chu and Needleman (1980) proposed the following strain-ontrolled law for
the nuleation rate
f˙n =
fN
sv
√
2π
exp
(−1
2
(γp − εN
sv
)2)
γ˙p (7.23)
where fN is a onstant whih denotes the volume fration of voids aused by void nuleation.
The mean value εN of the normal distribution desribes the ritial strain beyond whih
the rst new voids appear. Sine not all the inlusions/partiles will nuleate new voids,
the parameters fN , εN and the standard deviation sv are obtained from alibration to the
material's marosopi response.
One important aspet is the ability of the proposed model to aount for the real defor-
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mation behavior as well as quantitative damage predition. For the numerial evaluation
of the model, the onstitutive equations (7.4) are ompleted by the integration of the void
volume fration rates given by (7.22) and (7.23). It should be notied that the plasti shear
γp, whih is needed in (7.23), is available from the solution of the hardening variable s2,
f. (6.2).
7.6.2 Calibration and evaluation of the augmented EBPA model for void
growth
The augmented Gurson model in onjuntion with the EBPA model is alibrated to data
obtained from the old drawing experiment. In the alibration, the same element mesh as
before is employed. Sine the model inludes a relatively large number of parameters, the
alibration is initialized using the parameters for rubber-toughened PMMA (RTPMMA)
taken from Zaïri et al. (2008). Both the alibrated and the parameters for RTPMMA are
listed in Table 7.3. By analogy to the initial shear strength distribution (7.8), the values
of fN , or alternatively the initial porosity fv0, an be disturbed. However, the alibration
indiated that their inuene on the marosopi f − u response is small as the intensity
of the initial imperfetion varied between ξ = 0 − 0.03. In the subsequent simulations,
the intensity ξ is kept at zero and the loalization is triggered aording to (7.7) using
ξ0 = 0.002. Calibration also indiated that
- the growth of void volume suppresses the isotropi softening eet,
- the hange in the initial void volume fration from fv0 = 0 to fv0 = 0.05 only has a
small eet on the marosopi f − u response,
- the values c > 0 whih inuene damage evolution via (7.18), redue void growth.
Sine the PC polymer under study is not interspersed by small rubber partiles, and
the inuene of a low initial void volume fration on the marosopi response is negligible,
we set fv0 = 0. Moreover, numerial investigations under low triaxial stress states indiate
that the inuene of the initial void volume fration on the marosopi elasti properties,
as well as on the Gurson's yield funtion, is small, f. Steenbrink et al. (1997).
Having less intrinsi softening due to void growth allows the softening slope h1 and
the intensity sss/s0 to be redued to a level whih agrees more losely with the values
obtained from the alibration for homogeneous deformation. As a onsequene, the in-
tensity sss/s0 = 0.80, whih was previously employed in the EBPA model, is redued to
0.65. It an be onluded that the dierene between the alibrations for homogeneous
and inhomogeneous deformation is strongly aeted by void growth in the material.
The inuene of the parameters q10, q20 and c on the overall fore-elongation response
is shown in Fig. 7.27. As the parameters q10 and q20 are dereased, nek stabilizes in
a redued range, followed by a weak hardening whih is initialized at u = 22 − 24 mm.
The applied load f is seen to be inreased by the nonzero values of c, i.e. the interation
between the voids ompensates for the redution of intrinsi softening and allows for the
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Figure 7.27: Inuene of the parameters q10, q20 and c on f −u response. Based on the alibrated
parameters in Table 7.3 the deformed shapes at u = 35 mm are visualized by the mirosopi
eetive stress σe of ligaments and by the dierene σe − τ .
lower intensity sss/s0 to be used. A omparison between the EBPA model responses in
Figs. 7.13(a) - 7.15(a) and the damage model result in Fig. 7.27 also reveals that the
stress drop after the yield point beomes deeper. The distribution of the eetive stress
σe of the ligaments and the dierene σe − τ are also presented in Fig. 7.27. Apart from
the highly onentrated region around the interfae of the gauge setion and the grip, the
eetive stress is propagated similarly to the loalized deformation. At the end of loading,
the values of σe in the gauge setion are approximately three times greater than the values
of the marosopi eetive stress τ , whih indiates a strong interation between the voids
and the possibility to void oalesene during further deformation.
Based on the model simulations the plasti streth distributions are highlighted in Fig.
7.28. It an be observed that damage redues the intensity of the plasti strething, while
the loalized deformation expands more rapidly along the speimen. A glane at Fig. 7.17
reveals that the neked region whih is predited by the ombined EBPA and the damage
model reahes the end of the gauge setion simultaneously with the experiment.
Fig. 7.29 presents the total growth of void volume and the inuene of the hardening
slope h1 on the void growth. The values ranging between 385 − 560 MPa are seen to
have only a minor eet on void growth. It an also be observed that the void nuleation
is prohibited until the elongation u ≈ 5 mm is reahed. This threshold orresponds ap-
Table 7.3: Constitutive parameters of the damage model for RTPMMA and PC. Calibration of the
proposed model is performed to data obtained from the old drawing experiment. The RTPMMA
parameters are taken from Zaïri et al. (2008).
η h1 sss εN sv fN q10 q20  Nv
MPas
−1
MPa MPa
RTPMMA 0.03 0.15 0.15 0.9 1.2 0.2 1.5
EBPA for PC 1.5 · 105 385 61 0.03 0.15 0.05 1.5 1.0 0.2 1.5
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Figure 7.28: Distribution of the plasti streth λ¯pec at the end of loading (u = 40 mm) aording
to the BPA model, the EBPA model and the EBPA model in onjuntion with the damage model
(on the right). The simulation based on the damage model is performed using the alibrated
material parameters given in Table 7.3.
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Figure 7.29: Inuene of the parameter h1 on void growth, whih is represented by the norm of
void volume fration ‖fv‖ :=
√∑
i(fv,i · fv,i) where fv,i are the extrapolated values of void volume
fration at the nodes of the mesh. The deformed shapes at u = 20 mm and at the end of loading
are visualized by void volume fration fv. The highest porosity fv is highlighted in white.
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proximately to the elongation prior to the yield drop. One the yield point in the stress
response is passed, the voids grow rapidly and inrease the porosity in the loalized zone,
f. Fig. 7.29. Similar to the plasti strething, the highest values appear in a region whih
gradually expands from the enter of the speimen towards the grips during elongation.
At the end of loading, the porous region overs the gauge setion entirely, and the highest
porosity ours in the two separate regions beyond the mid-plane, y = L/2.
As has been shown, the EBPA model, along with the augmented Gurson model for
void growth, is able to predit the transformation from the homogeneous deformation
phase to the loalized deformation phase well. Applying this model, the dierene between
the model parameters, whih result from the alibration for homogeneous and inhomoge-
neous deformation, also dereased onsiderably. A shortoming of the model is that the
fore-elongation response during nek shows a premature hardening while the void volume
fration grows and attains values too high for unvoided polymers.
7.6.3 Modeling of razing
Under ompression, amorphous polymers frequently show dutile loalized deformation
behavior, whih is due to shear yielding with small volume hanges. In ontrast to the
shear yielding mehanism, whih involves shear band propagation and eventual frature by
a hain sission in large strains, the governing mehanism of inelasti deformation under
tension is a dilatational loalization in zones of brillation, termed razing, f. Anand and
Gearing (2004) and Argon (2011). More preisely, razing is assumed to result from disen-
tanglement in highly onentrated regions of maximum prinipal stress. Disentanglement
nuleates new miro-voids whih grow and oalese to form initial razes and ause streth-
ing and eventually failure of the thin brils between the two faes of the initial razes, f.
Kramer (1983) and Basu et al. (2005). As a result of the breakdown of the brils, razes
widen leading to loal brittle failure while material behavior at the marosopi level still
shows a little dutility. In all, the nominally brittle failure an be separated into the three
dierent phases: raze-initiation, widening and raze-breakdown.
Despite all the ative researh arried out during the last deades, the governing mi-
romehanism that ontrols razing is still not fully understood. Experimental investiga-
tions have shown a major importane of the entanglement density in marosopi failure
through razing or shear yielding. Initial plasti deformation through shear yielding in
amorphous glassy polymers is usually followed by razing or alternatively razing propa-
gates on stable manner, f. Ishikawa and Ogawa (1981) and G'Sell et al. (2002). Examples
of the polymers in the rst group are e.g. PC and PMMA, and polymers involving stable
razing are e.g. HIPS and ABS that are frequently used in toughened polymer blends. A-
ording to Ishikawa and Ogawa (1981), derease of temperature and inrease of the strain
rate result in more brittle failure in amorphous glassy polymers, i.e. the dierene between
the time instants for raze-initiation and breakdown dereases. They also pointed out that
the void nuleation is a preursor to razing and razes initiate due to high mean stress
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onentrations around the miro-voids, f. also Fig. 7.26.
In reent years, ohesive-surfae models have been widely applied to the numerial
simulation of raze-initiation, growth and breakdown with the nite element method, f.
e.g. Estevez et al. (2000) and Pijnenburg et al. (2005). In a nite element setting, however,
ohesive interfae approahes allow for the nuleation and growth of the rak only along the
element boundaries. In order to avoid mesh dependene and priori assumptions onerning
the orientation of interfae elements for razing, an alternative, ontinuum-based model is
proposed here. Aording to this model, raze-initiation whih takes plae during shear
yielding is followed by widening of razes and failure due to the breakdown of the brils. A
simple raze-initiation riterion is introdued and the transition from shear-ow to raze-
ow is arried out by a hange of the ow rule, where the inelasti deformation is taken
to our in the diretion of the loal maximum prinipal stress. One the loal ritial
plasti strain is reahed, razes rapidly widen whih eventually leads to loal frature or
hain-breakdown under ompression or tension, respetively.
The raze-initiation an be governed by strain- or stress-based riteria. Argon and
Hannoosh (1977) onduted tension-torsion stress-ontrolled experiments on thin-walled
tubular speimens, whih indiated that there is a time delay between the appliation
of stress and the rst appearane of razing. At the stress levels, where the equivalent
stress τ and the mean normal stress σm exeed 0.4 - 0.5 of the yield stress, the delay time
onsiderable dereases and as a result raze-initiation an be onsidered as instantaneous
event. Sine the razing proess in the present drawing experiments ours in stress levels
higher than 0.4 - 0.5 of the yield stress, the inubation time for raze-initiation an be
assumed negligible and a time-independent riterion an be applied in the proposed model.
In general, the development of razing may be expeted to have diretional properties.
Based on the assumption that the razes grow in the diretion of the maximum prinipal
tensile stress, Anand and Gearing (2004) proposed that razing initiates when the mean
stress is positive σm > 0, and the highest prinipal stress σ1 reahes a σm-dependent ritial
value σ1 = σ
cr(σm) > 0. They estimated the ritial value σ
cr
from the tension experiments
on a smooth-bar, nothed-bar and a ompat tension speimen. They observed that the
urve for raze-initiation just prior to the yield-peak load is reasonably-well aptured by
the funtion
σcr = c1 +
c2
σm
(7.24)
where c1 and c2 are positive parameters. In general, stress-based riteria may be diult
to dene with preision from experiments due to inauraies in ontrolling loal stress
states and the sites of raze-initiation, f. Argon and Hannoosh (1977). For this reason, a
orresponding strain-based riterion needs to be determined. It an be assumed that the
razes are initiated if the following two onditions are satised:
[1. ℄ The highest prinipal tensile stress and the mean normal stress are positive, i.e.
σ1 > 0 and σm > 0,
[2. ℄ the raze-strain ζp, whih evolves in the diretion of the highest prinipal tensile
stress, reahes a ritial value ζp :=
∫
ζ˙pdt = ζpcr > 0. Correspondingly, σ1 = σ
cr > 0.
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Figure 7.30: Widening of razes at an average spaing L0. The marosopi tensile raze strain
rate ζ˙p is determined by the thikening rate δ˙ of razes. After Argon (1999), Fig. 7.
One razing has been initiated, the transition from shear-ow to raze-ow takes plae
while the plasti ow aligns with the diretion of the maximum prinipal stress σ1, and the
inelasti deformation begins to evolve through widening of the razes. Instead of attempting
to represent a detailed sheme for raze-widening, f. Kramer and Berger (1990) and
Estevez et al. (2000), a ontinuum-based model, whih denes the inelasti deformation
as an average over a mirostrutural representative volume element, is proposed. It is
assumed that the material element ontains enough plate-like raze regions that allow for
marosopially smooth raze-widening proess prior to failure. The magnitude of the
raze-ow is given by the marosopi tensile raze-strain rate ζ˙p and it evolves as long as
σ1 is positive. Following Argon (1999), ζ˙
p
is assumed to be aounted for by the thikening
rate δ˙ of the ative planar razes whih are separated by an average spaing L0, f. Fig.
7.30. Thus the average tensile raze-strain rate beomes ζ˙p = δ˙/L0. In terms of the
eigenvetors n1 assoiated with the highest prinipal stress, the transition from shear-ow
to raze-ow is given by
dp =
{
ζ˙pn1 ⊗ n1 if the onditions [1℄-[2℄ are satised,
Λ˙p(σ˜dev + Ξi) otherwise
(7.25)
where Λ˙p :=
√
2(1 − fv)γ˙pσe(2τ 2 + Ξtrace(σ˜ ))−1 and Ξ := q1q2fvσe sinh
(
3/2q2σm/σe
)
, f.
(7.20). The magnitude of the rate of plasti deformation ζ˙p = |dp| is determined suh
that some ontinuity during the transition from shear-ow to raze-ow is ensured. The
equality between the plasti work rate in the porous material per unit volume and the
dissipation in the matrix material is governed by
σ˜ : dp = (1− fv)
√
2σeγ˙
p∗(
σ1
σ∗1
)m (7.26)
where the quantities with the supersript (∗) are determined at the instant when the hange
in the ow rule is triggered. It then follows from (7.23) that nuleation of new voids is
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Figure 7.31: The potentials (7.16) and (7.28) in τ − σm and σ1 − σe spae, respetively. The
inuene of the two dierent values fv = 0.02, fv = 0.2 and q1 = 1.0, q1 = 1.5 are investigated.
governed by the onstant rate γ˙p∗ during razing. Sine the experiments show an inreased
raze widening veloity with the applied stress intensity, f. e.g. Estevez et al. (2000),
the plasti work rate is reformulated in terms of the stress ratio σ1/σ
∗
1. The parameter m
in (7.26) is found from the alibration to the experimental data. During shear ow, the
stress ratio σ1/σ
∗
1 remains unity and the plasti shear strain rate γ˙
p
evolves aording to
(4.75), i.e. (7.26) equals with (7.19). It follows from (7.25) and (7.26) that the magnitude
ζ˙p = |dp| is given by
ζ˙p =
√
2(1− fv)σeγ˙p∗(σ1
σ∗1
)m(σ˜ : n1 ⊗ n1)−1. (7.27)
The mirosopi eetive stress σe of ligaments is determined from the potential Φ
p = 0,
whih for the raze-ow is modied suh that the ow beomes oriented in the diretion
of the highest prinipal stress, i.e.
Φp(σ1, fv, σe) =
σ21
2
+ 2fvq1σ
2
e cosh(
q2
2
σ1
σe
)− σ2e(1 + q21f 2v ). (7.28)
Alternatively, employing the funtion (7.28) in the ow rule (7.17) (replaing Λ˙p by ζ˙p)
and taking advantage of ∂σ1/∂σ = n1⊗n1 also results in the raze-ow rule (7.25), where
ζ˙p is given by (7.27). Fig. 7.31 presents the potentials in (7.16) and (7.28) for dierent
values of fv and q1. The stress trajetories in σ1 − σe spae show proportionality between
the marosopi prinipal stressing and mirosopi stress in ligaments between the voids.
Sine the nal raze-breakdown an be onsidered as a physially unlear proess, f.
Kramer and Berger (1990) and Estevez et al. (2000), a simple riterion for raze-breakdown
and frature are proposed as a rst attempt. Following Anand and Gearing (2004), the
raze-breakdown under ondition σ1 > 0 ours when the loal raze-strain ζ
p
reahes a
threshold value ζpt > ζ
p
cr > 0. In the situations where σ1 ≤ 0, dutile frature by moleular
hain-sission is initialized as the plasti streth λ¯pec reahes a threshold λ¯
p
t . The two
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Figure 7.32: a) True stress vs true strain and b) void volume fration for uniaxial tension of BPA-
PC aording to the model. Craze-initiation is presribed by the plasti streth at λ¯pec = 1.04,
λ¯pec = 1.05, λ¯
p
ec = 1.08, λ¯
p
ec = 1.12, λ¯
p
ec = 1.15 and λ¯
p
ec = 1.20. In b), the urve involving a
plateau represents void nuleation (fg = 0) being virtually independent on raze-initiation. The
simulation overs the time period of 750 s at ǫ˙ = 0.001 1/s.
thresholds ζpt and λ¯
p
t , in relation to the raze-initiation riteria ζ
p = ζpcr, dene the length
of the razing proess.
The proposed onstitutive model for razing is implemented in a nite element program.
The non-linear system of the residuals (7.4) is augmented by the integration of the strain
rate ζ˙p for razing.
7.6.4 Calibration and evaluation of the augmented EBPA model for void
growth and razing
Based on the simulations of the old drawing experiment for monotoni loading the inu-
ene of razing on the overall load-elongation response and nek propagation is evaluated.
In the simulations, the same element mesh as before is employed. The ritial value ζpcr and
the parameter m for the evaluation of raze-ow are obtained from the alibration to the
overall load-elongation urve. Based on the disussion above, f. also G'Sell et al. (2002),
the plasti deformation in large strains evolves primarily due to razing and typially shows
an inreased rate of evolution one razing has been initialized in the material. Sine the
stress level dereases during the razing proess, the plasti work rate in the porous mate-
rial and the dissipation in the matrix material derease, and as a result, the void volume
fration tends to inrease, f. (7.26). This eet is shown in Fig. 7.32. To prevent an
exessive void growth during razing, the amount of existing voids as well as their growth
need to be limited in the model. Consequenes of this restrition are that razing promotes
void nuleation and the dissipation alters due to the stress σe in the ligaments between the
voids.
The inuene of razing on void growth is shown in Fig. 7.33. A omparison with
the responses of purely porous material reveals that razing, whih initiates one the yield
point is passed, inreases signiantly void growth during the nek. Similar eet was
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also observed in amorphous entanglement network through MD simulations, f. Mahajan
et al. (2010). Reduing void nuleation setting fN = 0.02 in (7.23) ompensates for the
growth whih in turn, as already touhed upon, suppresses the initiation of new razes.
The dierene an be further illustrated by the void volume frations given in Figs. 7.29
and 7.33. Due to razing, loalized region (in terms of λ¯pec) in the gauge setion shows more
pronouned intensity of porosity, whereas the area and shape of the porous region remain
virtually unaltered during razing.
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Figure 7.33: Inuene of razing on void growth, whih is represented by the norm of void volume
fration ‖fv‖ :=
√∑
i(fv,i · fv,i) where fv,i are the extrapolated values of void volume fration at
the nodes of the mesh. Using fN = 0.02, the deformed shapes at u = 20 mm and at u = 30 mm
are visualized by the void volume fration fv. The white olor indiates the highest porosity.
An exessive void growth during neking is suppressed by hoosing the ritial strain
for raze-initiation to be ζpcr = 0.42, whih value approximately orresponds to the elon-
gation u = 21 mm and to the plasti streth λ¯pec = 1.055 in the early-stage of hardening.
Moreover, razing is assumed to result from disentanglement in highly onentrated regions
of maximum prinipal stress, whih nuleates new miro-voids and allows their oalese to
form initial razes rather than larger voids. Thus, use is made of an assumption that the
growth of existing voids is inhibited by razing, i.e.
f˙g =
{
0 during razing,
3(1− fv)Dph otherwise.
(7.29)
Sine the strething in relation to the limiting streth
√
N in a representative volume
element an be regarded as small during the entire old drawing proess, raze-breakdown
barely initiates and will be negleted in the subsequent numerial simulations. To exlude
the integration of ζpcr, the orresponding stress riterion σ
cr = 62 MPa for raze-initiation
an be used in the simulations. This threshold as well as the values λ¯pec = 1.05−1.12 in Fig.
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Figure 7.34: Inuene of void growth and razing on the overall f − u response. The marker 
indiates the position at rst raze-initiation. The void fration parameter in (7.23) is fN = 0.02
and the rest of the parameters is given in Table 7.3. The deformed meshes at a) u = 20 mm and
b) u = 33 mm are visualized by the plasti streth λ¯pec, mean stress σm and by the raze-strain
ζp.
7.32 for raze-initiation are reasonable-well aptured by the parameters c1 = 36 MPa and
c2 = 650 MPa, f. (7.24). Due to neking, the stress ratio σ1/σ
∗
1 remains almost unaltered
(near unity) during elongation and thus the parameter m in (7.27) is hosen to vanish.
In the numerial analysis, the same element mesh as before is employed. Sine razing
in a nite element setting evaluates through the integration points, the inuene of the
mesh does need attention. Simulations with onsiderably ner mesh, however, indiated
only a small mesh-sensitivity on both the f − u response and loalization phenomenon.
In Fig. 7.34, both the porous and the razed response is depited. It is found that
the void volume fration, albeit it is almost one magnitude lower ompared to the result
in Fig. 7.33, has the eet of making the desending portion in the fore-elongation urve
more gradual. Crazing, however, is seen to ompensate this eet. Owing to razing,
premature hardening whih appears in the augmented EBPA model preditions for purely
porous material is substantially redued in the model preditions for razed material. This
is in better agreement with the experimental response that shows very stable nek.
To evaluate the stability of marosopi deformation during drawing, a simple model
proposed by Melik (2003) is applied. By this approah, the marosopi tensile de-
formation is related to the intrinsi deformation parameters that govern yield, strain
softening and strain hardening, determined from the experiments. The draw ratio of
the nek nR := σy,r/CR, where σy,r is the rejuvenated yield stress and CR the strain
hardening modulus, is employed as a representative estimator for stable nek. Details
of this approah are found in Appendix B. The tensile limit and equilibrium urve of
stable nek aording to the experiment and the models are presented in Fig. 7.35.
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Figure 7.35: Stability of nek. The solid and
dashed line represent the experimental equilib-
rium urve of stable nek growth and the stable
nek limit, respetively. The trajetories with the
markers ∗ and  are the stable limits aording
to the model for void growth and for void growth
and razing, respetively.
The streth λn represents initiation of sta-
ble nek. The value λn is estimated from
the asending portion of experimentally ob-
served uniaxial ompression response by
taking σ = σy, i.e. the stress state is large
enough to indue yield in the material. Due
to loalization, the equilibrium urve is ini-
tially zero, i.e. strain softening is triggered
by loalization in region I. The thik line in
region II, where the draw ratio ranges be-
tween nR = 0.7− 1.7, indiates stable nek
upon drawing. The upper bound nR = 1.7
is the value where the dashed line of tensile
limit and the solid line of the equilibrium
urve interset. In region III, stable nek
annot be formed sine maximum draw ra-
tio for stable nek is already reahed. Com-
pared to the stable portion of the experimental equilibrium urve, the models result in
onsiderably redued range for stable nek, i.e. n¯M1R < n¯
M2
R < 1.7 in Fig. 7.35. Sine the
rejuvenated yield stress σy,r is extrated from the experiment, the ratio nR an inrease
only due to a derease of the hardening modulus CR. By the denition CR := nkT em-
ployed, the reduing strain hardening modulus is attributed to disentanglement. Based on
the idea that entanglements represent topologial onstraints and on the observation that
the topology does not evolve onsiderably in glassy state, the network density in state-of-
the-art models is taken to be onstant during deformation. However, the present numerial
results expliitly suggest that a redution of CR should be onsidered in the models.
Assuming disentanglement is related to elevated visosity with inreasing elasti strain,
numerial simulations based on the simple expression (6.11) were performed to see if hard-
ening redues. However, the results indiated only a small inuene of visosity on the
maximum attainable draw ratio and loalized deformation. Disentanglement was also
modeled by assuming that the network density n evolves with time t as
∂n
∂t
= −np0
τ
(7.30)
where τ denotes a time interval, needed that a partiular entangled point vanishes, and
p0 = exp
(−U0 − β∆beq
kT
)
(7.31)
is the probability that a partiular hain slips through an entangled point. In the above
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equation, U0 is the ativation energy, β is the ativation volume and
∆beq =
√
trace
(1
2
(βdev)2
)
represents the dierene in network stress between the two strands of a hain onneted
to a ommon entangled point, f. Basu et al. (2005) for a more detailed aount. When
(7.30) is employed, disentanglement evolves already during softening and numerial sim-
ulations indiate a signiant inrease in void growth during nek. The free volume be-
tween the hains dereases pressure, and onsequently the Brownian motion of hains
eases and visosity dereases. Assuming razing evolves due to disentanglement and a
ritial amount of porosity for the nuleation of razes is reahed at the last part of
softening, use is made of an assumption that the growth of existing voids is attenu-
ated during neking, i.e. the equation (7.29) is employed.
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Figure 7.36: Inuene of the redution of net-
work density n on f − u response (solid line).
The dashed line represents the response of the
model for void growth and razing. The param-
eters used in (7.30) are taken from Basu et al.
(2005). The deformed shapes at u = 12 mm and
u = 22 mm are highlighted by the network den-
sity ratio n/n0. Using the EBPA model parame-
ters, n0 = 3.4 · 1027 m−3.
The simulated f − u response in Fig. 7.36
shows stabilizing eet due to disentangle-
ment, i.e. the tensile limit of stable nek
annot be observed during elongation up
to u = 35 mm. Loss of the network den-
sity 15% is reahed at u ≈ 20 mm, whih
value remains almost onstant during fur-
ther elongation. As it has been pointed out
in preeding setions, similar eets annot
be observed if the network density alters
without volume hanges, i.e. the models
for both void growth and razing need to
be applied. It an be onluded that the
network density plays a pivotal role in de-
termining the type of marosopi failure
through either shear yielding or razing.
In order to evaluate possible raze-
breakdown, the ontour plot of the raze-
strain ζp during the nek is shown in Fig.
7.34. The deformed meshes just prior to
razing and at u = 33 mm are also visualized by the plasti streth λ¯pec and the mean stress
σm. A glane at the preeding results in Fig. 7.28 reveals that razing has no notable inu-
ene on the loalization of plasti deformation, i.e. the intensity and the rate of expansion
remain virtually unaltered. It appears from Fig. 7.34 that the distribution of λ¯pec is similar
to the ζp-distribution whih ontrols raze-initiation. The raze-strain ζp in its loalized
region ranges between ζp = 0.40−0.50, whih values with together the low intensity of the
plasti strething imply that the threshold ζpt for raze-breakdown should be signiantly
greater than 0.50. In ontrast to the expansion of loalized deformation, the region of
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pronouned mean stress rapidly propagates over the gauge setion and reahes relatively
stable values ranging between 27 − 32 MPa. Sine these values are higher than 0.4 − 0.5
times the yield stress for PC, raze-initiation an be onsidered as an instantaneous pro-
ess. As a onlusion of the present numerial results an be mentioned that razing is
seen to be a ontrolling mehanism for stable nek, whereas void growth governs the rate
of nek propagation and the amount of intrinsi softening during loalized deformation.
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8 Summary and onluding remarks
This work is onerned with various aspets of the mehanial behavior and modeling of
amorphous polymers. This work also provides an overview of miromehanially motivated
onstitutive models of amorphous glassy polymers developed over the past four deades.
Speial emphasis is devoted to the models of Arruda and Boye (1991), Arruda and Boye
(1993a), Wu and Van der Giessen (1993), Anand and Ames (2006), Dupaix and Boye
(2007) and Miehe et al. (2009), these being representative of a whole range of urrent
models. In these models, the hain network is represented by small ells and the onstitutive
desription is based on Langevin hain statistis and the rate- and temperature-dependent
Argon (1973) model. The models under onsideration over a broad range of strain rates
as well as temperatures ranging from zero degrees to the glass transition temperature.
The mirostruture of amorphous glassy polymers is formed by long linear moleular
hains whih form a network. The onnetions between the hains are formed by rela-
tively weak seondary bonds alled van der Waals fores. The seondary bonds are losely
related to the physial entanglements: the inreasing number of entanglements ativates
more bonds when the van der Waals fores grow and the resistane to slipping between
hains inreases. Due to the dierent mirostruture, the ability to form entanglements
during large deformation and a hange of temperature diers between amorphous poly-
mers. Entanglements also inuene the mobility of hains during glass transition as well
as mehanial properties, suh as stress relaxation and reep.
During initial deformation, the hains slip against eah other, and if the deformation
rate is slow the hain moleules have enough time to relax and the amorphous struture
remains unaltered. One the yield limit is reahed, the slipping between the hains inreases
and the response suddenly softens. In the large strain regime, the hains align with the
loading diretion whih results in anisotropi response. As a majority of the hains have
aligned with the loading diretion and they have beome fully strethed, a signiant
inrease in stiness of the polymer network an be observed. The desribed material
behavior an be represented by an "S-shaped" response. In ontrast to the glassy state,
where only short-range motions an take plae, the motion of individual hains near the
glass transition temperature strongly inreases and results in the material softening towards
a melt.
The dierene in the mehanial behavior under dierent onditions is explained by the
amorphous network-struture. The primary variables for the desription of the network
struture are the initial and fully extended length of the hain segments between physial
entanglements. Moreover, an average distribution of the hain segments, as well as the
funtion of the entanglements, have to be dened. To allow for nite strains of polymer
hains, non-Gaussian statistis have been employed and the motion of individual hains is
allowed to utuate non-anely around the maro-strethes. Aording to non-Gaussian
statistis, an idealized hain onsists of N statistially independent links of equal length
l, and its fully extended length is given by rL = lN . The initial length is dened by the
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random walk-type mean-square value as r0 = l
√
N . In reent models, the overall hain
network is desribed by ells involving eight individual hain segments (8-hain model) or
an innite number of ontinuously distributed hains segments (full network model). Both
the number of hains in a unit volume and the number of statistial links between the
entanglements are typially onsidered to be onstant. Due to the redued set of hains,
the models based on the 8-hain model are numerially more eient than the full network
models. However, the eieny of the full network models an be improved using redued
integration shemes.
In a majority of the reent models, the initial material response is regarded as homo-
geneous. However, there exist a multipliity of amorphous polymers having heterogeneous
initial struture. Some heterogeneity is needed to relieve the build-up of high hydrostati
stress for a transition from razing to shear yielding. In a part of the proposed models,
the heterogeneity is aounted for by the inhomogeneous distribution of the hain density
or by the initial heterogeneous shear strength distribution. In state-of-the-art models on-
sidered in this thesis, the plasti deformation stems from isotropi resistane due to hain
segment rotations parallel with anisotropi resistane, whih results from the strething of
the entire network and reorientation of the polymer hains. The notion for this hardening
mehanism is usable under isothermal loading onditions well below the glass transition
temperature Tg as well as it is motivated by the omplete reversibility of plasti defor-
mation at temperatures higher than Tg. In general, however, the strain hardening annot
be solely governed by the strething of the network, but the hardening tends to derease
with temperature and, lose to the glass transition temperature, the hardening is strongly
inuened by the hain density of the polymer network. The strain hardening is also shown
to alter with both the yield stress and visosity of the material. Obviously, further researh
and validation is required onerning these topis.
In ontrast to monotoni loading, most of the existing models are not able to aurately
apture nonlinear unloading, reep and reovery, i.e. the transient eets after loading rate
hanges. These shortomings are primarily a onsequene of negleted visoelasti eets.
Even if models have been proposed for these purposes, they have been written under the
assumption of small strains, or they inlude a large number of material parameters to
be alibrated. The BPA model simulations performed in this work indiated that the
bakstress whih was generated during the loading phase led to a premature Bauhinger
eet and unrealisti reovery during long-term dwell. Motivated by these ndings, an
extension for the BPA model (termed the EBPA model) was proposed in this thesis. In
ontrast to the BPA model, the isotropi hardening is augmented by using an additional
visous dashpot, and the single linear spring is replaed by a simple Kelvin hain whih is
able to apture reep and nonlinear response during the loading yles. The purpose of an
additional visous dashpot is to inrease the amount of isotropi hardening in relation to the
amount of kinemati hardening and thereby suppress the exessive Bauhinger eet and
reovery during long-term dwell. Compared to the BPA model, only three new onstitutive
parameters need to be determined in the EBPA model.
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The EBPA model is formulated in terms of the multipliative deomposition of the total
deformation gradient into an elasti and a plasti part. In order to use the proposed model
in a nite element setting, an impliit integration algorithm was derived. Sine the elasti
rotation is onstrained to be unity in the BPA model, the plasti spin generally is nonzero.
To enfore this onstraint, an algorithmi plasti spin is introdued in the integration
algorithm. Due to the proposed visoelasti desription, the elasti deformation gradient
must be further deomposed into the two parts and the rate form of the onstitutive law
must be derived. To speify the orientation of the elasti intermediate onguration, the
rst omponent of the elasti deformation gradient was hosen to be symmetri. As a
result of the imposed symmetries of the elasti strethes, the rate form of the onstitutive
law was determined and introdued in the integration algorithm. Moreover, the tangent
stiness tensor onsistent with the integration algorithm was derived and implemented in
a nite element program. The numerial examples revealed that the numerial algorithms
for updating the internal state variables as well as the equilibrium state are robust.
The EBPA model was alibrated for the dierent homogeneous deformation modes
involving monotoni and non-monotoni loading onditions. Using the alibrated param-
eters, the preditive apability of the EBPA model was evaluated. Despite the relative
simpliity of this model, omparison with the experiments showed that the model aptures
the nonlinear response of PC and PMMA during monotoni loading, unloading and reep
well. Moreover, the alibrations indiated that a redued evolution of the bakstress in the
EBPA model was ruial when modeling reovery. The proposed model was also found to
be preditive for isothermal responses at various strain rates as well as for the large strain
anisotropi responses of preoriented polymers.
The EBPA model was also alibrated to the fore-displaement responses for inhomo-
geneous deformation aquired from old drawing experiments on polyarbonate speimens.
Various loading situations were experimented by using the Instron
©
tension/ompression
eletromehanial testing mahine provided by the Laboratory of Department of Mate-
rial Sienes. It was shown that the parameters whih were obtained from alibration to
homogeneous deformation annot be used to predit the experimental response of inho-
mogeneous deformation. In order to nd the mehanisms that are able to explain this
disrepany, the models for the number of entanglements, void growth and razing were
implemented in a part of the EBPA model. Based on nite element analyses of the planar
ell model, also the role of strain loalization in the void growth, hain density as well as
into the initiation and propagation of shear bands in the ligaments between the voids was
addressed. The simulations showed that the initiation of shear bands promotes the intrin-
si softening in the material, whereas the kinemati hardening is seen to be a driving fore
for widening of shear bands. The numerial results indiated also only a small inuene
of the number of entanglements and hain density on the marosopi responses, whereas
void grow signiantly redued intrinsi softening in the material. It was shown that the
EBPA model, in onjuntion with the modied Gurson model for void growth, predits
inreased porosity and interation between the voids and less intrinsi softening. As a re-
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sult, the dierene between the alibrated parameters for homogeneous and inhomogeneous
deformation onsiderably dereased.
In order to suppress an exessive void growth during loalized deformation and a pre-
mature hardening present in the simulations of the old drawing experiment, a model for
razing was proposed in this thesis. In this model, razing is assumed to result from dis-
entanglement in highly onentrated regions of maximum prinipal stress, whih nuleates
new miro-voids. However, these voids do not grow, but oalese to form initial razes that
widen and eventually ause loal failure in the material. As a onlusion of the present
numerial results an be mentioned that the plasti stability is essentially ontrolled by
razing, whereas void growth governs the rate of nek propagation and the amount of
intrinsi softening during loalized deformation.
Despite the ative researh arried out during the last two deades, the governing mi-
romehanism that ontrols marosopi mehanial behavior of amorphous glassy poly-
mers is still not fully understood. A variety of models whih are suitable only for a relatively
narrow problem eld and for a restrited set of amorphous polymers have been proposed.
Moreover, the apability of the models to predit real material behavior is addressed only in
a restrited set of loading situations. Thus the hallenge is to develop aurate and reliable
testing methods that ontribute to the development of overall models suitable for predit-
ing the material behavior at dierent length-sales, deformation states, temperatures as
well as at dierent loading rates.
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Appendix A. Numerial treatment of the EBPA model
The evolution equations used in the simulations for homogeneous deformation are derived below.
One the uniaxial and plane strain ompression ase have been presented, the simple shear ase
is obtained by analogue and it is not presented here. In ontrast to plane strain ompression,
whih is simulated using monotoni loading, uniaxial ompression is simulated using monotoni
loading, unloading, and dwell. The total deformation gradient during uniaxial and plane strain
ompression an be expressed by
F = v11e1 ⊗ e1 + v22e2 ⊗ e2 + v33e3 ⊗ e3, (A.1)
where {ei, i = 1, 2, 3} are the unit base vetors and vii are the prinipal strethes. Based on the
polar deomposition the elasti part of the deformation gradient F e in (6.4) an be written as
F e = veRe = F e1F
e
2 = v
e
1R
e
1v
e
2R
e
2. (A.2)
Assuming Re1 to be unity, it follows that the omponents of R
e
2 and R
e
are equal and (A.2) an
be formally written as
ve = ve1v
e
2. (A.3)
Sine the total elasti deformation is also irrotational, the omponents of F e and ve are equal and
(A.3) beomes F e = ve = ve1v
e
2 = v
e
2v
e
1. Thus, the logarithm of ln v
e
is given by
ln ve = ln ve1 + ln v
e
2. (A.4)
Substituting the material time derivative of (A.4) into (6.6) yields the following expression for the
stress rate
τ˙ = Le(E) :
[ d
dt
(ln ve) + η−1 : Le(E1) : ln v
e − η−1 : (Le(E1) : Le−1(E) + I) : τ
]
=: g(τ , ln ve;
d
dt
(ln ve)).
(A.5)
Employing the onveted stress rate of the Kirhho stress
τ▽ = τ˙ − lτ − τ lT , (A.6)
the rate form retains objetivity, f. Belytshko et al. (2000). Another frequently used objetive
stress rate is the Jaumann rate of the Kirhho stress, whih under these stress states beomes
τ˙ J = τ˙ − ωτ + τω = τ˙ .
In general, as with the isotropi elastiity tensor L
e
, η is regarded as a fourth order tensor,
given by
η = η1I + η2i⊗ i
where η1 and η2 are visosities that govern elasti shear and volumetri deformation, respetively.
They may also depend on temperature and the elasti strain rate, f. Hasanpour and Ziaei-Rad
(2008). For a onveniene, however, visosity is regarded as a salar in subsequent onsiderations.
In the experiments, unloading and dwell are ontrolled by a onstant nominal or Piola-
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Kirhho stress rate, π▽, dened by
π▽ := τ▽F−T + τ
d
dt
(F−T ). (A.7)
During uniaxial and plane strain ompression (4.12)2, (6.2), (A.5) and (A.7) an be ombined to
yield a system of dierential equations that governs the response in one material point. We will
represent the governing equations as
M(y)y˙ = f(y), (A.8)
where M ,y and f are dened below for both load ases. The system (A.8) is solved using a
bakward-dierentiation based Runge-Kutta integration sheme, f. Shampine et al. (1999).
Plane strain ompression
In plane strain ase, the prinipal diretions remain unaltered and thus d/dt ln veii = v˙
e
iiv
e−1
ii ,
i = 1, 2, 3. A glane at (4.12)1 and (4.9), and noting that the elasti deformation is irrotational,
reveals that v˙eii = d
e
iiv
e
ii, i.e. d/dt ln v
e
ii = d
e
ii = dii − veiiD¯piive−1ii = dii − D¯pii. Assuming τ˙22 = 0 and
τ22 = 0 and using (A.5), the elasti deformation is onstrained to satisfy
d22 =
1
η
(
((Le1 : L
e−1)22ii + δ2i)τii − Le1,22ii ln veii
)
+ D¯p22, i = 1, 2, 3, (A.9)
where the notation L
e
1 := L
e(E1) was introdued for the sake of simpliity. In the numerial
sheme, the omponent d11 is given. Based on (A.5) the nonzero omponents of the onveted
stress rate evolve aording to
τ▽jj =
(
Lejjiideii −
1
η
(
((Le : Le1 : L
e−1)jjii + Ljjii)τii − (Le : Le1)jjii ln veii
))−
2τ11d11 =: gjj,
(A.10)
i = 1, 2, 3 and j = 1, 3. Due to the plane strain ompression state, a glane at (4.8) reveals that
v33 = 1. Based on the multipliative split (4.3) we onlude that v
e
33 = (V¯
p
33)
−1
. The system of
dierential equations (A.8) is now governed by the unit matrix as


1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1




˙¯V p11
˙¯V p22
˙¯V p33
v˙e22
τ▽11
τ▽33
s˙1
s˙2


=


D¯p11V¯
p
11
D¯p22V¯
p
22
D¯p33V¯
p
33
de22v
e
22
g11
g33
h1(1− s1sss )γ˙p
h2γ˙
p


(A.11)
The rows 4-6 and 8 in (A.11) are needed only in the EBPA model. Aording to the BPA model,
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the elasti deformation is onstrained to satisfy
ln ve33 = −(ln ve11 +
1− ν
ν
ln ve22). (A.12)
Based on Eq. (A.12) the stress omponent in the diretion of the applied load is given by
τ11 =
E
(1 + ν)
(ln ve11 − ln ve22). (A.13)
Uniaxial ompression
Due to the uniaxial stress state, the onstraint (A.9) for the elasti deformation is redued to
d33 = d22 =
1
η
(
((Le1 : L
e−1)2211)τ11 −Le1,22ii ln veii
)
+ D¯p22 (A.14)
and d11 is given during the loading phase. Due to the symmetry, v33 = v22 in (A.1) and thus it
follows from (4.3) and (4.8) that ve33 = v
e
22 and V¯
p
33 = V¯
p
22. The only nonzero stress omponent is
denoted by τ11. During unloading and dwell, the omponent d11 is not presribed but it is solved
from (A.8). Based on (A.5)
τ▽11 =
(
2Le1122de22 + Le1111(d11 − D¯p11)−
1
η
(
((Le : Le1 : L
e−1)1111 + Le1111)τ11−
(Le : Le1)11ii ln v
e
ii
)|i=1,2,3)− 2τ11d11. (A.15)
Aording to the simulations, the experimental response an be aptured more aurately using
the visous damping only in the rst diretion, i.e. ηde22 = ηd
e
33 = 0. This onstrains the elasti
deformation to be
ln ve33 = ln v
e
22 = −ν ln ve11 (A.16)
where ν is the Poisson's ratio. The stress rate equation beomes
τ▽11 =
(
Le1111(d11 − D¯p11)−
1
η
Le1111
(
((Le1 : L
e−1)1111 + 1)τ11 − Le1,11ii ln veii
)|i=1,2,3)−
2τ11d11 =: g11 + ̺v˙11
(A.17)
where
g11 := −Le1111D¯p11 −
1
η
Le1111
(
((Le1 : L
e−1)1111 + 1)τ11 − Le1,11ii ln veii
)|i=1,2,3,
̺ := (Le1111 − 2τ11)v−111 .
Use of (A.1) in (A.7) results in π▽11 = τ
▽
11v
−1
11 −τ11v−211 v˙11. During dwell and unloading π▽11 = 0 and
π▽11 = 2.3 MPa/s, respetively. The governing dierential equations (A.8) an now be summarized
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as 

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 −̺
0 0 0 1 0 0
0 0 0 0 1 0
0 0 v−111 0 0 −τ11v−211




˙¯V p11
˙¯V p22
τ▽11
s˙1
s˙2
v˙11


=


D¯p11V¯
p
11
D¯p22V¯
p
22
g11
h1(1− s1sss )γ˙p
h2γ˙
p
π▽11


(A.18)
The rows 3, 5 and 6 in (A.18) are needed only in the EBPA model. In the BPA model, the stress
is given by (4.113) and the last row in (A.18) for unloading and dwell is replaed by
−ve11 ˙¯V p11 + (1− ln ve11)v˙11 =
π▽11
E
(v11)
2.
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Appendix B. Stability of nek drawing
A model to evaluate the stability of marosopi deformation during drawing is presented below.
In ontrast to the original approah by Haward (1987), this model takes also strain softening,
spei to amorphous polymers, into onsideration, f. Melik (2003). The marosopi tensile
deformation is related to the intrinsi deformation parameters that govern yield, strain softening
and strain hardening, determined from the experiments. The true stress vs streth urve in Fig.
B.1(a) after the point λi is relatively well aptured by the expression
σ = κtσy,r = σy,r + CR(λ
2 − 1
λ
) ⇒ nR := σy,r
CR
=
λ2 − 1λ
κt − 1 (B.1)
where σy,r is the rejuvenated yield stress, CR is the hardening modulus and nR is the draw
ratio of nek. Taking the stress of the strethed polymer to be σ = σt in (B.1), denes the
tensile limit λ = λt for stable nek. For (semi-)rystalline polymers, however, the true stress
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a) b)
Figure B.1: a) Illustration of intrinsi strain softening in terms of the yield stress σy and the
rejuvenated yield stress σy,r. The stress response during strain hardening is proportional to
λ˜ = λ2 − 1/λ. b) Stability of nek. The solid and dashed line represent the equilibrium urve
of stable nek growth and the stable nek limit, respetively. The trajetories with the markers
∗ and  are the stable limits aording to the model for void growth and for void growth and
razing, respetively.
is not able to represent a reversed transition after the marosopi yield point, whih eet the
nominal (engineering) stress does apture. This feature is known as geometri softening. Also
in testing of amorphous polymers, shear banding and neking make generally the nominal stress
more measurable quantity. By analogy to (B.1), but using the nominal stress π := 1/λσ, the
stress vs streth relation is given by
π = κ˜y
σy,r
λr
:= κyσy,r =
1
λ
(
σy,r + CR(λ
2 − 1
λ
)
) ⇒ nR := σy,r
CR
=
λ2 − 1λ
κyλ− 1 (B.2)
where κ˜y := κyλr, λr is the streth orresponding to the rejuvenated stress σy,r and κy is a
multiplier representing strain softening. The estimated streth λn for a stable nek is reahed
when σ = σy in (B.2), i.e. the stress state is large enough to indue yield in the material, f.
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Fig. B.1(a). This limit as well as σy,r an be extrated from a uniaxial ompression experiment,
f. Melik et al. (2003). Softening of the experimental response is typially haraterized by the
values κy = 1.2− 1.3, f. Figs. 6.4 and 7.17.
A non-dimensional quantity λ = (u+L)/L is introdued for the evaluation of the true overall
stress from old drawing experiments, whereas the nominal stress π := f/A0 is dened as the
applied load f divided by the initial ross-setion A0. The hardening modulus CR = 14.0 MPa
and the position u ≈ 63 mm in whih stabilized nek ends dene an approximation for the fator
κt = 1.9, f. Fig. 7.17.
Both the tensile limit of stable nek (B.1) and the equilibrium urve (B.2) are presented in Fig.
B.1(b). The thik line indiates stable nek upon drawing. The upper bound nR = 1.7 is the value
where the dashed line of tensile limit and the solid line of the equilibrium urve interset. For
omparison, also the tensile limits resulting from the model responses are presented, determined
by analogy to the experimental one. For both the models, κy = 1.3 is used. The values n
M1
R ≈ 1.25
and nM2R ≈ 1.50 are the upper limits for stable nek aording to the models.

